International Journal of Theoretical Physics, Vol. 46, No. 4, April 2007 (© 2007)
DOI: 10.1007/s10773-006-9077-4

General Solutions of Relativistic Wave Equations II:
Arbitrary Spin Chains

V. V. Varlamov!

Received June 6, 2005, accepted January 26, 2006
Published Online: March 17 2007

A construction of relativistic wave equations on the homogeneous spaces of the Poincaré
group is given for arbitrary spin chains. Parametrizations of the field functions and
harmonic analysis on the homogeneous spaces are studied. It is shown that a direct
product of Minkowski space time and two-dimensional complex sphere is the most
suitable homogeneous space for the physical applications. The Lagrangian formalism
and field equations on the Poincaré and Lorentz groups are considered. A boundary
value problem for the relativistically invariant system is defined. General solutions of
this problem are expressed via an expansion in hyperspherical functions defined on the
complex two-sphere.
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1. INTRODUCTION

The theory of relativistic wave equations (RWE) is one of the oldest topics in
theoretical physics. As usual, the theory of RWE closely relates with higher spin
formalisms. However, at present, there is no a fully adequate formalism for de-
scription of higher spin fields — all widely accepted higher spin formalisms such as
Rarita—Schwinger approach (Rarita and Schwinger, 1941; Bargmann and Wigner,
1948; Gel’fand-Yaglom, 1948) multi-spinor theories, and also Joos—Weinberg
2(2j 4+ 1)—component formalism (Joos, 1962; Weinberg, 1969) have many in-
trinsic contradictions and difficulties. On the other hand, it is known that the
study of RWE leads naturally to the fields which depend on both Minkowski
space coordinates and some continuous variables corresponding to spin degrees
of freedom (Ginzburg and Tamm, 1947; Bargmann and Wigner, 1948; Yukawa,
1950; Shirokov, 1951) Wave functions of this type can be treated as the fields

lDepau‘tment of Mathematics, Siberia State University of Industry, Kirova 42, Novokuznetsk 654007,
Russia; e-mail: root@varlamov.kemerovo.su

741
0020-7748/07/0400-0741/0 © 2007 Springer Science+Business Media, Inc.



742 Varlamov

on homogeneous spaces of the Poincaré group. These fields were first studied by
Finkelstein (1955), he gave a classification and explicit constructions of homoge-
neous spaces of the Poincaré group. The general form of these fields closely relates
with the structure of the Lorentz and Poincaré group representations (Gel’fand
et al., 1963; Naimark, 1964; Biedenharn, 1988; Gitman and Shelepin, 2001) and
admits the following factorization f(x,z) = ¢"(z)¥,,(x), where x € T4 and ¢"(z)
form a basis in the representation space of the Lorentz group, 7y is the group of
four-dimensional translations. In addition to a general theory of relativistic wave
equations, a search of solutions for RWE has a great importance (Bagrov and
Gitman, 1989).

In the present work, we study solutions of RWE in terms of the fields de-
fined on the two-dimensional complex sphere. This sphere is a homogeneous
space of the Lorentz group (in this case, the field functions f(x, z) reduce to
¢"(z)). In the previous work (Varlamov, 2003), solutions of RWE were obtained
in the form of expansions in hyperspherical functions for the representations of
the type (I, 0) @ (0, [). Solutions (wavefunctions on the group manifold M) of
the simplest RWE (Dirac (1/2, 0) & (0, 1/2) and Maxwell (1, 0) & (0, 1) fields)
have been given in Varlamov (2003, 2004). In this work, we study more general
representations (/1, [5) @ (I, [1) (tensor representations of the proper orthocronous
Lorentz group &) which correspond to arbitrary spin chains. In turn, arbitrary
spin chains contain interlocking representations of the group & as a particular
case. It is known that the higher spin fields and, correspondingly, composite ele-
mentary particles can be formulated in terms of interlocking representations of &
(Bhabha—Gel’fand—Yaglom chains). The stable composite particle corresponds to
an indecomposable equation defined within interlocking representation, and vice
versa, unstable particles are described by decomposable equations.

The present paper is organized as follows. In the Section 2, we consider some
basic facts concerning the group SL(2, C). The main object of this section is a lo-
cal isomorphism SL(2, C) >~ SU(2) ® SU(2). We introduce here hyperspherical
functions for the tensor representations and further we study recurrence relations
between these functions. It is shown that matrix elements of the representations
(I1,l) @ (I, [}) are expressed via the hyperspherical functions. In the Section 3,
we give a brief introduction to the fields on the Poincaré group P. We consider
fields on the group manifold My and on the eight-dimensional homogeneous
space Mg = R13 x S? of P, where R is the Minkowski spacetime and S? is the
two-dimensional complex sphere. In parallel, we consider basic facts concerning
harmonic analysis on the homogeneous spaces Mo, Mg, and also on the group
SL(2, C) and on the sphere S?. The following logical step consists in definition of
the Lagrangian formalism and field equations on the homogeneous spaces of P.
The field equations for arbitrary spin are derived in the Section 4, by the standard
variation procedure from a selected Lagrangian. The explicit construction of RWE
for the arbitrary spin chains of & is given in the Section 5. In the Section 6, we
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separate variables in a relativistically invariant system via the recurrence relations
between hyperspherical functions. First of all, we set up a boundary value problem
for RWE, which can be treated as a Dirichlet problem for a complex ball. It is
shown that solutions of this problem are expressed via Fourier type series on the
two-dimensional complex sphere.

2. THE GROUP SL(2, C)

As is known, the group SL(2,C) is an universal covering of the proper
orthochronous Lorentz group &.. The group SL(2, C) of all complex matrices

=(; 2)

of 2nd order with the determinant «d — y8 = 1, is a complexification of the group
SU(2). The group SU (2) is one of the real forms of SL(2, C). The transition from
SU(2) to SL(2, C) is realized via the complexification of three real parameters
¢, 0, ¥ (Euler angles). Let 0 =0 —it, ¢ = ¢ — i€, ¥ =y — ie be complex
Euler angles, where

0<Reb°=0 <m, —00 < Imb¢ =1 < 400,
0 <Re¢p‘=¢ <2m, —00 < Img°® =€ < 400, (€))]
—2r <Rey‘ =1 < 2m, —00 < Imy¢ =¢ < 4o00.

The group SL(2, C) has six one-parameter subgroups

tos ot ' g i
COS 7 1 S1In 2 COS 7 — Sin 2 ez 0
al(t) = .. t t ’ az(t) = . t t ’ Cl3(t) = it ’
1Sin 5 COS 3 Sin;  COS 5 0 e 2

coshi sinhi cosht isinht
bl(r)=<si : 2,>, bz(l)Z( : 2>,

R ‘
—lsmh2 cosh2

The tangent matrices A; and B; of these subgroups are defined as follows

a = da®| P01
YT oA |, 2\1 o)

A_daz(f) _ /o -1
: o |,_, 2\1 0 )
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s QO] P10
T Tar |, 2\0 —1)
B _db(1) _1/o 1
YT ar |, 2\ o)
dbs(1) i 0 1
B: = — ,
2 dt |, 2(—1 0)
g0 _1(1 0
T dar |, 2\0 -1)

The elements A; and B; form a basis of Lie algebra s(2, C) and satisfy the relations

(A, Adl = Az, [As, Azl =Ar, [As Al = Ay,
[B1, Bal = —As, [By, B3] = —Alﬁ [Bs, Bil = —Aq,
[A1,B1]=0, [A2,B:]=0, [A;,B3]=0, )
[A1, B2] = Bs, [A, B3] =—By,
[A2, Bs1 =By, [A2,Bi]l= —B3,
[A3,Bil =B, [A;3,By]=
Let us consider the operators
1 1
X = Ei(AI +iB)) Y= Ei(AZ —iBy) 3)
(I=1,23)
Using the relations (2) we find that
[Xln Xl] = igklmxm» [Yl, Ym] = iglmnan [Xla Ym] =0. (4)
Further, introducing generators of the form
Xy =X +iXp, Xo =X —iXy,
+ 1 2 1 2 )

Yo=Y, 4+iYs Yo =Y —iYs,

we see that in virtue of commutativity of the relations (4) a space of an irreducible
finite-dimensional representation of the group SL(2, C) can be spanned on the
totality of (2 + 1)(2f + 1) basis vectors |, m; [, m), where I, m, [, 11 are integer
or half-integer numbers, — <m <1, —[ < 1 < {. Therefore,

X_ N Lmylmy=JU+md—=m+ )| 1,m—1,i,m) (m>—I)

X | lmyl ) = U —m)I+m+1) | Lm+ Li,m) (m <)

X3 |l,m;f,n'1) =m|l,m;[,n’1),
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Y_ |l,m;l,n’1)=\/(i+ﬁ1)(l—m+1)|l,m;i,n'1— 1) i > —0)

Yo |1, m;l, m) =\/(l'—m)(l'+m+1) [, m;l, m+1) (i <D
Y3 [ Lomsl m) =mm | 1m;l,mm). (6)

From the relations, (4) it follows that each of the sets of infinitesimal operators X
and Y generates the group SU(2) and these two groups commute with each other.
Thus, from the relations (4) and (6) it follows that the group SL(2, C), in essence,
is equivalent locally to the group SU(2) ® SU(2). It should be noted here that
the representation basis, defined by the formulae (3)—(6), has an evident physical
meaning. For example, in the case of (1, 0) & (0, 1) representation space there is
an analogy with the photon spin states. Namely, the operators X and Y correspond
to the right and left polarization states of the photon. For that reason, we will call
the canonical basis consisting of the vectors | Im; [11) as a helicity basis.

In the work conducted by Varlamov (2003), we studied RWE for the fields
(1, 0) @ (0, /) which described within the representatio ;0 @ v ; of the group & .
In this work, we study more general representations of the type 7, ; @ 7, (tensor
representations), where 7, ; = 7,0 ® 7g; and 7;; = T;( ® To,. It is obvious that
these representations include 7,0 & 7 ; as a particular case. In general, a tensor
structure of the infinitesimal operators has the form

A= AL @ 1y, — 1y @ AL

Bfl = Bf ® 12[+1 - 121+1 ® Bf’

Kﬁl = Af ® Ly — Ly @ AL

B/ = Bl ® 1y41 — 1y, ® B, v
where Aﬁ, Bﬁ and Af:, Bf: are infinitesimal operators of the representations t; o and

T j, respectively (i = 1, 2, 3) Or, more explicitly,

A1 myd i) = —’Eaﬁn | l,m—l;[,m)—%afn+l | Lom+ 1:0, i)

+l§¢x’;,1 |1, Tmsd o — 1) + %afﬂl \Lmsd, o+ 1), (8)

- . 1 . 1 .
ALV L msl, my = Eaﬁn |1,m-1;1,n‘1)—§o¢£n+l | 1, m+ 1;1, m)

1 . 1 ;
_Eafﬂ |l,m;l,n’1—1)+§¢xﬁn

alLmlm+1), (9

ALV myd )y = —im | 1msd, ) + im | 1oms i), (10)



746 Varlamov

- . 1 . 1 .
B | 1, m; 1, m) = —Eai,, | l,m—l;l,n’q)—zocﬁn+1 [ l,m+ 1;1, m)
1 ) A )
—Eaﬁh | {,m;l,m— 1>—§ocfh+l [ {,m;l,m+1), (11)
BY |1, m;l, m) = —lzain | l,Vn—lzl',m>+l§ocﬁn+1 [ 1, m+ 151, m)

—%afh | 1msd, i — 1>+’§¢xf,.1+l |Lomid i+ 1), (12)
BY | Lomsd i) = —m | Lomsd i) —rin | 1, ms D, i), (13)
K”|lm~[m)——£az|lm‘l'n'1—1)—ioc[ | L myl i+ 1)
1 ,m;il, = ) I s My by 2 m+1 >
l

+l§am|l,m—1;l',m>+l—

2“5"“ | Lm+1:0,m), (14)

~ . 1 ; . 1 ,
Alzl|l,m;l,n'1):Eocih|l,m;l,m—1)—§otﬁh+l|l,m;l,n’1—i—1)
LAY Ll 4 L
—o ,m—1;1,m —o
2" 2

ALV myl ) = —im | 1msdm) 4 im | 1,ms 1, ), (16)

L Lm+ L), (15)

~ . 1 ; . 1 .
BY [1,m;l, m) = zafﬁ | L,mylm — 1) + Eaﬁm | 1, m; 1, + 1)
L o L o
+ 5 [l,m—1;1,m)+ >%m+1 [L,m+1;1,m), (17)
B 1omado) = Lol [ Lomidom— 1) — Lad {1 mado 1
2| , m; 7m>_§am| ,mil,m — )_Eam.i,_]' ,myl,m+ )
i ; i ;
+§afn [I,m—1;1,m) — Eotfnﬂ [L,m+1;1,m), (18)
BY | 1omid oy = v | L, mad, i) +m | ms i, ). (19)
Further, let us define generators XI_I , XZ, Yl_z s Yf{ and )N(l_l s )A(’fr, \7[_1 , \N/ﬂf following
the rule (5) It is easy to verify that these generators satisfy the relations of the type
(6).
On the group SL(2, C), there exist the following Laplace—Beltrami operators:

1
XE=X{+X3+X5= Z(A2 — B? 4+ 2iAB),

1 ~ ~ ~n
Y2=Yi+Y5+VYi= Z(A2 — B? —2iAB) (20)
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At this point, we see that operators (20) contain the well known Casimir operators
A? — B?, AB of the Lorentz group. Using expressions (1), we obtain an Euler
parametrization of the Laplace—Beltrami operators,

s 92 . 0 1 92 .9 9 92
X = z—i—cot@ + —— —2—20050 +—=,
a9¢ 00¢  sin”6¢ | dg° apc aYc  aYe

\& o +eotde 4 " 2eosde - o (21)
= T CO - ——— | ——= — 4CO0S - - .
362 90 sin2 4 | 92 dg¢ ayc Y2

Matrix elements 77/, . .(g) = I (¢¢, 6, ¥°) of irreducible representations of

SL(2, C) are eigenfunctions of the operators (21),

X2 410+ D] (@€, 6, ¥¢) = 0,

[Y2 4+ 00 + D]l (¢, 6¢,9¢) = 0, (22)
where
MY a(g) = eIl (cos6¢, cos 06)e I, (23)

Substituting the functions (23) into (22) and taking into account the operators (21)
and substitutions z = cos 6¢, f = cos6¢, we come to the following differential
equations (a complex analog of the Legendre equations):

d m? + n? —2mnz

+ I+ 1):| 33," i (25 Z) =0, (24)
dz 1-—

[( —z)—— 7—

-5 —225 -
7 dz 1-%

The latter equations have three singular points —1, +1, co. Solutions of (24) and
(25) have the form

2 d®  «d 4R —2mai : :
[ 2 w+l(l+l)}3iim(zﬂ)=0' @)

3%n;rr’1,‘,(cos 00, COS ec) = Z] (COSQ )ZZ (COSG ) (26)

mn

where

1
Z,,,(cos0) =Y i" /Tl —m+ DI +m+ DE@—k+ DA +k+ 1)

mn
k=—1

6
x cos? > tan” % =

min(l—m,l+k) izj tan

X
,-:ma%k_m) TG+DI—m—j+ DI +k—j+DIm—k+j+1)

2j 8
2
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e T
2

2

xJTU=n+ DA +n+ DU —k+ DIA 1k + Dcosh? = tan b~

27

tan h* %

mr@+1wa—n—s+1wa+k—s+Drm—k+s+n'

min(l—n,l+k)
max(0,k—

S=m3

X

and Z! .

. We will call the

1
mn

is a complex conjugate function with respect to Z

I
mn

1

in (26) as tensor hyperspherical functions.

functions 3

mn;mn

Using the formula (26), we find explicit expressions for the matrices 7};(0, T)

of the finite-dimensional representations T

and T

22

11

(28)

—_

—Ie
| —ley —le
—Iey ~Ien | —i
,2 ,2 ,2 l:/.
e | e | e iR =1
—IA A=l =l = |l —e

Mmoo e

—Ie
| —len —len
—l —l | —l
| | —Ie —le
i —ia I I
—a | = | e —e—ler =i

O =[Ol =[O = — e = e — (e

Mmoo oMnon N

—Ie
| —l —le
—l —l | —len
i i —l =i
| | =i s
e =N e =1 e =1 ey l,2
e | e | 1,2 | =i

3333

—l —l —l —l
| —lev | —l
—l | —le |
I —la I —la
—le | —le—je =1

e =10 e = =i |
1,21_,21”2 _, 1”2 _, ,3
VIR AR TR A
e
N~ ~—————

—len

I =l —Ie

—Ie —ley
| —Ie
—le—ier |

—11

1
1
11

—10
1

00

1

10

1

—1-1
— 1
=| z.,
1
1-1

16, 7)

31

—ley

| —leu —leu —leu

=i =l | —le | —l

— — —len —len —len —len
e T e T e e e A =i A
—_ =]l o =~ & = = —~ ~=

—le
| =l —l
—le —le | —lea
| | =l —l
— — | I
e T e T e ],2 l

3

| —Ie —ie
—len —len | —len
<=} <=} —l —l
AT e T e S e S
—_ = =3 3
[ap) [ap) [ap) n
—le
| =l —l
—len —len | —le
| | =l —l
S S | |
e e e S e S
— =1 =) S

| —Ie —ie
—len —len | —len
by [y —l —l
| | - iy
e e ™ e | e
—_ = -~ o ~ o

—ley —ley —ley
| =l |
—ley | —l
| — |
by | =
| =l = =i |
e~ — = o

e A e
— o —

AR

—ley
| —l

—len —len
— S = S
—_ =

AR AP

—len —len
=l | e ]
—_ - - —

(29)
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2.1. Recurrence Relations Between the Functions Sifm i (€OS 0, cos 6°)

Between the hyperspherical functions an . there exists a wide variety of
recurrence relations. The part of them relates the hyperspherical functions of one
and the same order (with identical / and /), other part relates the functions of
different orders.

In virtue of the representation (6), the recurrence formulae for the hyper-
spherical functions of one and the same order follow from the equalities

1 gyl _ 1 gyl

X S):nmn smn anmm Jn—1mn> X 9‘nmn smn a"Jrlmm n+1;mns (30)
1 gyl _ 1l 1 gl

Y Djtmn mn anmmn smn—1° Y 9jtmn mn T 0t’H‘lﬁnmn s+l (3 1)

As it is shown in Varlamov (2003), the generators (5) can be expressed via the
complex Euler angles as

“Wra 1 9 .0 a i 0 d
Xy = [ — — — — 4+ cotf— — — — —— — +jcoth‘—
2 a0  sinf€ dp oY 9t sinf°¢ de ae
(32)
A 1 9 .0 d i a0 .0
X=—|li=4+———-cotf*"— — — + ——— —icotf°"— |,
2 d0  sinf°¢ dg JdY  dt  sinf°¢ de ae
(33)
“Wr9 1 9 d d i 0 0
Y,=2|iZ - oot 4 — 4 1T ot —
2 90  sin@c 8(p 9y 0t sinf¢ de ae
(34)
e“ﬁ"_a+ 1 9 té“a—}—a i 0]
_=—|i—= —— —CO — - — +4ico
2 d0  sin@¢ dp ) sin ¢ de de
(35)

Substituting the function Y, . = e~metio)ne+inzll

into the relations (30) and taking into account the operators (32) and (33), we find
that

(9 , t)e—m(e—iw)—il(s—il,[/)

. 835711,”"” anfm;miz 2i (m —ncoso” )311 _ 2
i Y 97 sin @¢ mn;hn m,n—1mns
. 33££¢n;mn 33%n;mﬂ 2i(m —ncos6°)
a6 ot sin ¢

i _ i
3mn;n‘m = 2“n+13m,n+1;mn'
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1

mn;mn

_ 2li

Since the functions 3 are symmetric, that is, 3! .. =3Il . then substi-

i

nm;nmn

instead of 3/ and replacing m by n, and n by m, we obtain

mn;mn

tuting 3

. 83%}1;"'"'1 aBgm;mil 2’ (l’l — m CosSs 96)
i — —

3i)in;rim = 2“m3£r[l—l,n;rhrl’ (36)

a0 ot sin 6¢
33Zn-mﬁ asglnmn 2i(n —mcos0°) j
; i — 2 — 2 m u e 37
l 90 9T sin B¢ 3mn,mn o +13m+1,n,mn ( )

Analogously, from the relations (31) and generators (34) and (35), we have

.asirl;n'mﬂ 33%n-mn 2i (7 — 1 cos 6°)
I — + — +

i i
- o= 200 e 38
a6 ot sin ¢ 3’mn,mn mnyi—1,i (38)
831[ 3311' 2i(n — 11 cos 6°) i ‘
. mn;mn + mn;mn _ _ — 2am li y - 39
l a0 ot sin ¢ 3’”"»’"” +13mn,m+1,n ( )

Further, for the conjugate representations we have

Sii /) /) Sii /) /)
Xfmmn;mil = o["S):nm,nfl;rr'm’ X+mmn;miz = a"Jrlmm,nJrl;rhil’ (40)
w1l w1l w1l i

v _ w2 _
Y—mmn;rﬁm - aﬁmm,n—l;rﬁr‘w Y+9ﬁmn;7hh - uﬂ+1mzn,n+1;Vhﬁ’ (41)

where )N(l_l ~ Yl_[ s )~(f£ ~ Y’f;, W_j ~ Xl_j s Vﬂf ~ Xﬂ{. Substituting now the function
M = € "ETOTETNZ (0, T MEHTAER) into the relations (40)
and (41), we obtain

wl wli
/ ey s ll wli

183512,"!" + BBSz’mn + - (n glrrlne(iose )*mn;rim = 2‘xmsm—l,n;n'zrl’ (42)
i ol .y ]

iaB;g;ﬂm * 83;:’;mh B Zl(n :ir:n@'iose )*mn;n‘m = 2“m+l§m+l,n;mi,~ (43)
Wi Gl » )

i83gg;mﬁ B 33;Z;mn 2 ;219(2059 )*mmmﬂ _ 2¢xm§mmm7m, )
Kl i . )

ia3mn;mr1 R n 2i(n — 1 cos 6¢) *mn;,,-,,-, _ 206m+1§mmm+m. )

00 ot sin 0¢
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3. FIELDS ON THE POINCARE GROUP

Fields on the Poincaré group present itself a natural generalization of the con-
cept of wave function. These fields (generalized wave functions) were introduced
independently by several authors (Ginzburg, Tamm, 1947; Bargmann and Wigner,
1948; Yukawa, 1950; Shirokov, 1951) mainly in connection with constructing
relativistic wave equations. The following logical step was done by Finkelstein
(1955), he suggested to consider the wave function depending both the coordi-
nates on the Minkowski spacetime and some continuous variables corresponding
to spin degrees of freedom (internal space). In essence, this generalization consists
in replacing the Minkowski space by a larger space on which the Poincaré group
acts. If this action is to be transitive, one is lead to consider the homogeneous
spaces of the Poincaré group. All the homogeneous spaces of this type were listed
by Finkelstein (1955) and by Bacry and Kihlberg (1969) and the fields on these
spaces were considered in the works conducted by (Lurgat, 1964; Bacry, 1967,
Nilsson and Beskow, 1967; Kihlberg, 1968; Kihlberg, 1970; Toller, 1996; Gitman
and Shelepin, 2001).

A homogeneous space M of a group G has the following properties:

(a) It is a topological space on which the group G acts continuously, that
is, let y be a point in M, then gy is defined and is again a point in M
(g € G).

(b) This action is transitive, that is, for any two points y; and y, in M, it is
always possible to find a group element g € G such that y, = gy;.

There is a one-to-one correspondence between the homogeneous spaces of G and
the coset spaces of G. Let Hj be a maximal subgroup of G which leaves the point
Yo invariant, gyo = yo, & € Hop, then Hj is called the stabilizer of y,. Representing
now any group element of G in the form g = g.go, where gg € Hpand g. € G/H,,
we see that, by virtue of the transitivity property, any point y € M can be given by
Yy = g.80Y0 = g.y. Hence, it follows that the elements g. of the coset space give
a parametrization of M. The mapping M < G/H, is continuous since the group
multiplication is continuous and the action on M is continuous by definition. The
stabilizers H and Hj of two different points y and y, are conjugate, since from
Hogo = g0, Yo = g 'y, it follows that g Hpg~'y = y, thatis, H = gHog ™"

Coming back to the Poincaré group P, we see that the enumeration of the
different homogeneous spaces M of P amounts to an enumeration of the sub-
groups of P up to a conjugation. Following to Finkelstein, we require that M
always contains the Minkowski space R!* which means that four parameters of
M can be denoted by x (x*). This means that the stabilizer H of a given point
in M can never contain an element of the translation subgroup of P. Thus, the
stabilizer must be a subgroup of the proper Lorentz group &_..
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In such a way, studying different subgroups of &, we obtain a full list of
homogeneous spaces M = P/ H of the Poincaré group. In the present paper, we
restrict ourselves by a consideration of the following two homogeneous spaces:

Mp =R x &, H=0;
Mg =R xS* H= pr;

Hence, it follows that a group manifold of the Poincaré group, Mo = R"3 x £,
is a maximal homogeneous space of P, £¢ is a group manifold of the Lorentz
group. The fields on the manifold My were considered by Lurgat (1964). These
fields depend on all the ten parameters of P:

¥(x,9) = v)Y(g) = ¥(xo, x1, X2, Xx3)¥ (g1, 92, 93, 94, 95, J6),

where an explicit form of ¥(x) is given by the exponentials, and the functions
¥ (g) are expressed via the generalized hyperspherical functions Dﬁﬁémm #(g) in the
case of finite-dimensional representations.

The following eight-dimensional homogeneous space Mg = R!3 x §? is a
direct product of the Minkowski space R"* and the complex two-sphere S%. In

this case, the stabilizer H consists of the subgroup €2}, of the diagonal matrices

v
(eO2 _OM ). Bacry and Kihlberg (1969) claimed that the space M3 is the most
e 2

suitable for a description of both half-integer and integer spins. The fields, defined
in Mg, depend on the eight parameters of P:

Y(x, ¢ 0 = ()P (e, 0°) = Y(xo, x1, x2, x3)¥ (@, €,60,7),  (46)

where the functions 1 (¢¢, 6¢) are expressed via the associated hyperspherical
functions defined on the surface of the complex two-sphere S?.

3.1. Harmonic Analysis on SUQ2) ® SUQ2) © T,

In this subsection, we will consider Fourier series on the Poincaré group
‘P. First of all, the group P has the same number of connected components
as with the Lorentz group. Later on, we will consider only the component Pi

corresponding the connected component Ll (so called special Lorentz group, see
(Rumer and Fet, 1977)). As is known, an universal covering 7)1 of the group 7?1

is defined by a semidirect product 731 =SL2,C)0o T4:spin (1, 3) © Ty, where
Ty is a subgroup of four-dimensional translations. Since the Poincaré group is a
10-parameter group, then an invariant measure on this group has a form

d"a = d®gd*x,
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where d°g is the Haar measure on the Lorentz group. Or, taking into account (51),
we obtain

da = sin 8¢ sin0°dOdedyrdrdedsdx,dx,dx3dx,, 47)

where x; € Ty.
Thus, an invariant integration on the group SL(2, C) ® T; is defined by the

formula
/ Flayda = / / Fx, g)d*xd®s,

SLQ2,C)OT; SLQ2.C) Ty

where f(e) is a finite continuous function on SL(2, C) © Ty.

In the case of finite-dimensional representations we come again to a local
isomorphism SL(2, C) © Ty ~ SU(2) @ SU(2) © T4. In this case, basis represen-
tation functions of the Poincaré group are defined by symmetric polynomials of
the form

1 -
Pz D= Y a0 B e (49)
ot
(@i, a; =0,1)

where the coefficients g% %% % depend on the variables x* (o« = 0, 1, 2, 3; the
parameters of 74). The functions (48) should be considered as the functions on the
Poincaré group. Some applications of these functions are contained in (Vasiliev,
1996; Gitman and Shelepin, 2001). The group 7, is an Abelian group formed
by a direct product of the four one-dimensional translation groups, 7}, where T;
is isomorphic to an additive group of real numbers R (usual Fourier analysis is
formulated in terms of the group R). Hence it follows that all irreducible repre-
sentations of 7, are one-dimensional and expressed via the exponentials. Thus,
the basis functions (matrix elements) of the finite-dimensional representations of
‘P have the form

1
mn mn(u) =e lpxmmn mn( )

(49)

where x = (x1, x2, x3, x4), and MM
tion (23).

Let us consider now the configuration space Mg = R"* x S2. In this case,
the Fourier series on Mg can be defined as follows

(g) is the generalized hyperspherical func-

00 l i

((Z) Z ipx Z Z Z airlunmmm(wv €.0,1.0, O), (50)

p=—00 =0 m=—I pj=—]|
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where
i —D"Q2l+ DRI+ 1 : .
C(irlm-,l _ ( ) ( 3;;[4)( + )//‘f(a)e_l"”‘m;';m((p,e,e,f, O, O)d4xd4g,

2Ty

and d*g = sin#¢ sin#°dfdpdtde is the Haar measure on S?, f(a) is the square
integrable function on Mg, such that

f/|f(a)|2d4xd4g < +o00.

S2 Ty

3.2. Harmonic Analysis on the Group SL(2, C)

First of all, on the group SL(2, C), there exists an invariant measure dg, that
is, such a measure that for any finite continuous function f(g) on SL(2, C) the
following equality

/ Fla)dg = / Faog)dg = f Flago)dg = / F@da

holds. Now we express the Haar measure (left or right) in terms of the parameters

(1),
dg = sin6°¢sin6°dOdpdydrdedse. (51)
Thus, an invariant integration on the group SL(2, C) is defined by the formula

+o0 +00 400 2 2w W

[ osse st [ T T [ [ frowseo

SL(22,C) —00 —00 —00 =21 0

x sin0¢ sin §°dOddyrdrdede.

When we consider finite-dimensional (spinor) representations of SL(2, C), we
come naturally to a local isomorphism SU(2) ® SU(2) >~ SL(2, C) considered by
many authors (Huszar and Smorodinsky, 1970; Ryder, 1985). Since a dimension of
the spinor representation 7;; of SU(2) ® SU(2) is equal to (2] + D(@2I + 1), then
the functions /(21 + 1)(2] + l)t,l,fn;mﬁ (g) form a full orthogonal normalized system
on this group with respect to the invariant measure dg. At this point, the indices /
and / run all possible integer or half-integer nonnegative values, and the indices 1,
n and m, i run the values —, =l +1,..., 0 —1,land ={, = +1,...,1 —1,1.

In virtue of (23) the matrix elements t,l,fn i are expressed via the generalized
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hyperspherical function t,l,fn;mﬂ(g) = Wfin;mﬂ (p,€,0, 1,9, ¢). Therefore,

32t

Q1+ D2 + 1)‘S

/

1l j
iInmn;n‘m (g)m%n,mn (g)dg =
SUQ)RSU(2)

g -9, (52)

where §(g’ — g) is a §-function on the group SU(2) ® SU(2). An explicit form of
S-function is

8(g —g) =8(¢ — @)d(e' — €)8(cosH’ cosht’ — cosf cosht)
x 8(sin®’ sinht’ — sinf sin ht)§(Y' — ¥)d(s’ — &)
Substituting into (52), the expression

mll

mn;mn

(9) = g*m(€+i¢)fn(s+idf)311 ® T)g—m(e—iw)fn(gfiw)

mn;mn

and taking into account (51), we obtain

a0 D3i305q (0, Ty P
SUR2)QSU(2)
e tPIe Hili=p)o o ,—(nt@)e o ,=i=q)Y ,—(i+q)e
3277481S8ZjSmpanarhp'(Sfl(/S(g/ — g)
QI+DRI+1D) '

Thus, any square integrable function f(¢°, 8¢, ) on the group SU(2) ®
SU(2), such that

xe' =DV sin 6¢ sin 0°dOdpdydrdeds =

| £ (g€, 6, ¥©)|* sin6¢ sin0°dOdpdydrdeds < +00,
SU)®SU(2)
is expanded into a convergent (on an average) Fourier series on SU(2) ® SU(2),
co 1 i i
F@e 0y =535 5 S dl L
Li=0m=—ln=—l jp=—| h=—|

x efm(eJri(p)fn(EJrix//)Bilm;mﬂ(Cos 007 cos QC)efm(efigo)fil(sfid/)’ (53)

where
i _ (=™l 4+ DRI+ 1)
mnymn 327.[4
x / F@e,0°, el sl
SUQR)®SU(2)

x(cos 0, cos 6€)e 1M 1Y) sin 9¢ sin 6°dOdpd ydrdedse.
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The Parseval equality for the case of SU(2) ® SU(2) is defined as follows

0 I / j ; |
1 2 w
l,lX:;)M;I nzzl Z Z @i | = o

—lim=—In=—I

/ | (¢, 0¢, %)) sinO€ sin 6°dOdpdydrdeds.
SUQ)®SU((2)

About convergence of Fourier series of the type (53) see Beers and Dragt
(1970).

In alike manner, we can define Fourier series on the two-dimensional complex
sphere via the associated hyperspherical functions. An expansion of the functions
on the surface of the two-dimensional sphere has an important meaning for the
subsequent physical applications.

So, let f (¢, 6°) be a function on the complex two-sphere S?, such that

/ | £ (g€, 6)]% sin ¢ sin 6°dOdpdrde < +00,

S2

then f(¢¢, 6¢) is expanded into a convergent Fourier series on S,

00 1 li
f(QOC, 90) — Z Z Z a'lrllme—m(e-ki(p)aﬁrh(cos QC’ cos éc)e—m(e—igo)’

1,i=0 m=—l yjp=—{
where

i (=DmQl+ DEI+ 1)
mm = 327_[4

/ F(g*, 69 3
S?

x(cos B¢, cos 6)e ™" sin 6° sin H°dOd pdtde,

and 3;’;m(0059“,c059”) is an associated hyperspherical function, dg =

sin@¢ sin@°dfdpdrde is the Haar measure on the sphere S?. Correspondingly,
the Parseval equality on S? has the form

00 1 [

A 204+ 1HQ2i + 1 :
DD el = M/|f(<pc,96)|2sinecsin90d9dgodrde.
SZ

- . 3274
1i=0 m=—1 jy=—|
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4. LAGRANGIAN FORMALISM AND FIELD
EQUATIONS ON THE POINCARE GROUP

We will start with a more general homogeneous space of the group P, My =
R!3 x £¢ (group manifold of the Poincaré group). Let £(a) be a Lagrangian on
the group manifold M o (in other words, L(e) is a 10-dimensional point function),
where « is the parameter set of this group. Then an integral for £(«) on some
10-dimensional volume €2 of the group manifold we will call an action on the
Poincaré group:

A= /docL'(oz),

Q

where da is a Haar measure on the group P (see (47)).
Let ¥(a) be a function on the group manifold My (now it is sufficient
to assume that ¥ (a) is a square integrable function on the Poincaré group) and

let
oL 0 0L
— — ——=0 54
Y o« 3% 54

be Euler—Lagrange equations on M ;¢ [more precisely speaking, (54) act on the tan-
gent bundle T Mg = Ugept,,UTe M o of the manifold M o, see Arnold (1989)].
Let us introduce a Lagrangian L(«) depending on the field function ¥(«) as
follows

Y () 09" (e)
Jo dory,

Lla) = —5 <1/f( )B,, B, Y (a )> — kY (@)B ¥ (a),

where B, (v = 1,2, ..., 10) are square matrices. The number of rows and columns
in these matrices is equal to the number of components of ¥ (), « is a nonnull
real constant.

Further, if B;; is nonsingular, then we can introduce the matrices

r,=8,'B, wn=12,...,10,

and represent the Lagrangian L£(e) in the form

oY (o) W(ot)
oo day,

L) =—= (w )Ty Iy (a )) — kPP, (55

where

¥() = ¥*(@)B.
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Varying independently ¥ (x) and v (x), we obtain from (55) in accordance
with (54) the following equations:

YW e =0, G=1.....4
0x;
r! W) _ Ky (x) = 0. (56)
8)6,'
Analogously, varying independently v/ (g) and v/(g) one gets
20 =0, (k=1,....6)
Ogk
r{ @ —k¥(g) =0, (57)
Gk

where

i
vo=("? ), r=| ° A
¥(g) Ail 0

The doubling of representations, described by a bispinor ¥ (g) = (¥(g), ¥(g))7, is
the well known feature of the Lorentz group representations (Gel’fand et al., 1963;
Naimark, 1964). Since an universal covering SL(2, C) of the proper orthochronous
Lorentz group is a complexification of the group SU(2) (see Section 2), then it
is more convenient to express six parameters g; of the Lorentz group via three
parameters a;, a;, a3 of the group SU(2). It is obvious that g, = a;, g, = ay,
g3 =as, g4 = iay, g5 = iay, g = iaz. Then, the first equation from (57) can be
written as

3 3

0 9

E:A’j—‘” iy Al 1Hk%,// 0,
j=1

J *
o da; P da
3 1 3w 3 1 3
* *
A +i A + k“y = 0. 58
2 Ajge i V= (58)
j=1 j=1
where af = —igs, a3 = —igs, aj = —igs, and a;, aj are the parameters corre-

sponding the dual basis. In essence, the equations (58) are defined in a three-
dimensional complex space C3. In turn, the space C? is isometric to a six-
dimensional bivector space R® (a parameter space of the Lorentz group (Kagan,
1926; Petrov, 1969). The bivector space RS is a tangent space of the group man-
ifold £¢ of the Lorentz group, that is, the manifold £¢ in the each its point is
equivalent locally to the space R®. Thus, for all g € £5 we have T3L6 R®. There
exists a close relationship between the metrics of the Minkowski spacetime R'3
and the metrics of R® defined by the formulae (Petrov, 1969)

8ab — 8apys = 8ay8ps — 8uas8By>» (59)
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where g, is a metric tensor of the spacetime R®3, and collective indices are
skewsymmetric pairs o« — a, y8 — b. In more detail, if

1 0 0 o0
0 -1 0 0
8= 0o o -1 0 |
0 0 0 I

then in virtue of (59) for the metric tensor of R®, we obtain

1 0 0 00 0
0O -1 0 00 0
0 0 -1 00 0

8v=109 0o o0 100 | (60)
O 0 0 010
O 0 0 00 1

where the order of collective indices in R® is 23 — 0, 10 — 1,20 — 2, 30 — 3,
31 - 4,12 — 5.

Let us write an invariance condition for the system (58). As it is shown in
Kagan (1926), the Lorentz transformations can be represented by linear transfor-
mations of the space R®. Let g : a’ = g~'a be a transformation of the bivector
space RO, that is, a’ = ZZ:I 8hap, Where a = (ay, az, az, af, a3, a3) and g, is
the metric tensor (60). We can write the tensor (60) in the form g,, = (gik +)s

ik
3 _ . . _ .
thefl Cf/ = Y1 ggan, a¥ = Y, 854 Replamgg Y via T, ')y, and differ-
entiation on ay, (ay) by differentiation on a;, (a;") via the formulae

0 _ 0 d L 0
E—Z&ka—a;, a_a,’{‘_zgikan”
we obtain

3 —1 / -1 /
o) AT ev) (T )
> iay L OV) | OOV g V)

i=1

o @y) T @) (T @)
—ign Al =1L "~ " - lg,-gAlz]”T - ’gi3AI31+i|
a;’ da;’ da;!

+ET @y’ =0
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S V) T @) (T @)
; |: l8 7 85 A, o gt A T
. * . . £ . ) - -
+,-gi+lsz ot k! o7 @) | . 4 x! AT (@ )}

36;*,'/ 182\ 8a~*/ 183123 8a~*/
-1 /
+.T; (@Y =0.
or,

‘p lip 1/’
A3 T, i

1(g)

oy’
Z[ AT @ +g,2A’21 y

i

oy’
da’’

+/éCT_-‘(g)1/'/ =0,

Yy’
da;’

—ign AT @) —ign AT (@)

/
g1 9%
ol — g AT, (@) ;k/:|

2[811/*\ T; l(g) oy +g,2A2T”1(g) oy’ +813A3T” l(g) W

i

w1l 4

1/’ 1/f 9
+ighA Ty (g) —i—lg,zAzT” (g) +1g13A3T” (g)W
+1T @y =0.

For coincidence of the latter system with (58), we must multiply this system by
T,i(9) (T ,;(g)) from the left,

oy’

- I

Z Z gilei(g)Alell (Q)W
i k i

i oy’ e
1 - -1 ¢ _
—! Z Z glk’rll(g)Ak 1 aa?k/ = O,
i k i

* . _ 3¢/
Z Z giJIrchz'(g)Ak T l(g)ﬁ

i k

+’ZZgszU(E)AkT”1(g) 1// s o =
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The requirement of invariance means that for any transformation g between the

gl
matrices A (A, ) the following relations hold:
Y s Ti@AT (@ = A
k

R xll
D kT @AT (@) = A, . (61)
k
* ll . . . . Y
where A; are the matrices of the equations in the dual representation space, k€ is
a complex number, d/9d4d; mean covariant derivatives in the dual space.

5. THE STRUCTURE OF THE MATRICES A?

-
First of all, let us find commutation relations between the matrices Aﬁ’, A;

and infinitesimal operators (8)—(19) defined in the helicity basis. Let us represent

transformations 7};(g) (Jt ;i(@)) in the infinitesimal form,
|+ Alg+ .., 14+Ble+...,

|+ Ag 4. 14+Ble+. ...

It is easy to see that the bivector space R® contains two three-dimensional sub-
spaces R? and ]Ri with the metric tensors g;, and g;t, respectively. Let us consider
arotation g = e + a;& + ... in the subspace R? . The matrix of this rotation can
be represented in the form

1 0 0
0 1 —£
0 £ 1

Substituting these transformations into invariance conditions (61), we ob-
tain with an accuracy of the terms of second order the following three
equalities:

(14 ATE)AY (1 - AlE) = AT,
(1+Allg) (A — £ Al)(1 - Alle) = Y,

(1+ATg) (gAY + AY) (1 - Alg) = AL
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Hence, it follows that
1Al 1 pli
ATAT — ATAY =0,
AIAY — AIAL - Al =0,
ATAY — AIAT 4 Al =0,
or
oAl
[AY, Al] =0,
1 Al 1
[Al, AY] =AY,

(A7, A1) = A4,

Analogously, for a rotation g = e + a,& + ... with the matrix
1
0

—&

oS = O
—_— O Y

we have
(14 A%e) (A} +&AY) (1 - Ale) = AT,
(1+Alg)A (1 — Alg) = Al
(1+A%g) (AT + A0 (1 - Allg) = AL
From the latter relations, we see that
[AY, AT] = ~AL,
07

li Ali
[Az Ay ]
oAl Al
[A}, AY] =AY
Further, taking into account all possible transformations (rotations) in the sub-
spaces R? and Ri, we obtain the following commutation relations:

(AL AT =0, [ALAY] =AY AT AT =
= Al (62)

[ A = A0 AL AS] =0, A AY] =
[ A = AL [AY AS] = AL AL Y] =0
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(). AT =0.  [B). )= it [B)aY]=inl
(B0 A =inl.  [BLaf]=0.  [B.AY]=—ial.
(1. A1) = —inl. [BL.af]=ial.  [8.a%]=0.
AL AT =0, [ALAY =AY AL A= Al
[RL AT = —af. [AL Y=o [AL A= A

(A, af]= a8, [AY,Af]=-af. [AY,A{]=0.
B af]=0.  [BY.af]=ial  [B]AY)=-ial,
[BY. A]=—iAY, [BY.AY]=0, [BY, AY] =iAl,
[BY. A =ik, [BL. A= —inl. [BL.AY]=o0.

w1l w1l - wli

[Alli,Al] =0, [Alli,Az] = A;. (Al As] = —A,.
1 w i %l <1 w1 <1 %l w i
[AY. A ] = -5 [A) A]=0, [A7, As] = Ay,

~77 * * / il *Z]
[AY, A ] = A, [AL, A, ] = -4y, [AY,A5]=0.

[B” 7\11'] —o [B” ;\zi] B iZzi [B” 1*\11‘] B _“*\11
=Y 12N ] =13, 1> N3] = 25
Eli wli __'*zi B” wli —o B” w i _’*11‘
[BY, A ] =—in;, [B),Ay]=0, [BY, As] =iA,,

=i w1l .*li =i w1l .*li =i Py
[BY. A ]=iAy,.  [BY.A))=—iA,. [BY.As]=0.

Ali w i —o A” %l B w i A” %l __*11‘
[AT, A ] =0, [AY, A, ] = As, [AY, A3] = —A,,
i w i w i i w i i w wli
[AY. A ] ==As. [A7. 8] =0, [A. As] = Ay,

Coll 1 -y 1 i
(A =hae [ALA]=-A [ALAS] =0

wli Lol w1l Lol w1l

[B].a] =0, [BY. A2]=—ins, [BY, As] =iAs,
iosly ioxl il i
[BZ’A]]ZIA” [BZ’AZ]:O’ [Bsz3]=—lA1,

- 1 - 1 -
[5131,/*\1]2_,'1*\2, [5131’;\2]2";\1’ [Blzlv&]:o

763

(63)

(64)

(65)

(66)

(67)

(68)

(69)
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From the latter relations and definition as in (3), it immediately follows that

i T
*

commutation relations between A, A, and generators Y/, Y%, XL, X!l are of the

form

A X 2D ] =
!

Il
>
W=

[
[[A%. ¥} Y1) = 241,
(1. X1 =
[

ALY =

A”, Xll Xl]
114 A% X1} X4 o
1~
0 [14AY, YT = 0]
1
0 [19A1, XU = 0]
. i
Using the relations (70), we will find an explicit form of the matrices AISZ and 1*\3 s
Iyl
and further we will find Alll, A” and 1*\1 s 1*\2

The wave function ¥ is transformed within some representation 7};(g) of the
group & ;. We assume that 7, 1'(9) is decomposed into irreducible representations.
We will numerate the components of the function ¥ by the indices /, / and m,
m, where [ (]) is a weight of irreducible representation, m () is a number of
the components in the representation of the weight / (/). In the case when a
representation with one and the same weight [ (/) at the decomposition of ¥
occurs more than one time, then with the aim to distinguish these representations
we will add the index k (k), which indicates a number of the representations of
the weight / (/). Denoting e =1 I [m) and coming to the helicity basis, we
obtain a following decomposition for the wave function:

* * * kk * kk
V(a, a,a3,a7,a3,a) = Y Vi (@15 @25 @3, A7, 63, a3)E

1m,k,l,m.k

where ay, as, a3, a}, aj, ai are the coordinates of the complex space C3? ~ R®
(parameters of SL(2, C))?. Analogously, for the dual representation, we have

I Kk
V@, a, a3, d*y, d*, d%5) = Y Vi (@1: G2, 83, @*1, 0%, @ 2)@',

1m.k,l,m.k

min”

The transformation Aél in the helicity basis has the form

K'k;k'k 'k
Al — Z c P
Imsirm Ul,m'msl i " Um's] i’

l’,m’,k’,/.rh’.k’

2Recall that the wave function ¥ (a s a}‘) is defined on the group manifold £¢, that is, ¥ is a function
on the Lorentz group.
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k'kik'k

I’Z,m’ln;j,,l,m/lil

Using the commutators (70), we will find the numbers ¢ . First of all,

recalling that

ll 1 kk
é‘lm sl - amg‘l,mfl;l'm’
é‘lm R = m+l é‘l m+1;im’
kk
=m .
é‘lm sn é‘Im;lm’
where (otin)2 = {4+ m)(l —m + 1), we obtain
11 Kkk'k Kk
ASX = E c g .
é-Im lm é'lm dm Ul,m'm;l 1m'm {l/m’;l '’
NN NN
Xll ;. — Xél 2 : Ck kik'k L Ckk .
Im; lm Ulm'm;l Li'm ~Um’; ] m/
Um' kI K
- E : k k' k é.k k
llmml lmm I'm’ Im
N N

From the second equation of (70), we have (Ag Xéi — XQA?)Zlﬁ;im = 0. Therefore,

Z (m—m/)ck,k’kk LR =0

Ulm'mil Lm'm ™ Um';l m/
I’,nl’,k’,i/,m’,l‘c’

Hence, it immediately follows that m’ = m. By this reason, we can denote the

e T . I T
coefficients ¢ **% via ¢* K% . Analogously, from the relations
U'l,m'm;l [,m'm U'lmsl i/
11 0 kk
é‘lm i amglm;i,ﬁ17l’
{lm Jm = m+1§1m i+
. o kk
Clm s - é‘lm;iﬂI
and equation (AélYél — Yél Agl)g'kk . =0, we see that the coefficients KIHRE
Im;im Ul,m;l 1,m'm
Kk
can be replaced by ¢" "% .
UL 1 '
Let us now use the first equation of the system (70):
lixgli - kk I Kkik'k Kk
AGX A =a E
3 _Cl é‘lm Liim m llm—lllmgl’m llm

vk
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Xl[ A Ckk

[A” Xll]glmlm = Z [afncl’,l,;n/—l;i/l',m

Further,

[All Xll ]XU{

Im;im

Kk E %

l’l,m;i,i,m l’m;[/m

k'ksk'k

=x 3

kR 1k
k' k;k' ke l’ K k;k' ke ] 144
, @n Vi LA 0 m=1s0
kLK
Al i
- [A X ] m+1{lm+llm

Kkik'k

l’,k’,["./&'

l/ ’ ; I/,
o C .
Z M=l msl 1 é.l’,

! Z 1 Kk:k'k v ;
o o C . — o C .
m+1 [ m+1 U'lm;l 1,m m+1 Ul,m+1;1 [,m

Varlamov

Kk
m— 1;[ m’

Kk
]Cl’,m;i/m’

[T ALl Neli 5k 1 1 KiK'k I kKkik'k 144
XUTAL X =X E: ol ¢ . —a v ,
+|: ’ 7]§lm;1m + [ m l’l,mfl;[/l,m m l/l,m;l/[,m] U'.m—1;l m
vd g
14 i k’k;/{’k I k'k;k’k i
= o |lo, C .. =0 C y
Z ’”[ M m =130 i MU mil z,mk/',m;l i’
kLK
1 i 11 Z kkkk
[[A K- ]’X lmlm { ’”“ +( )] Vs i
kT
Vol Kk v ! Kk:k'k 14%
-« =0 0 ..
m=rm U'l,m—1;l [,m m+1 m+1 llm+1[lm} U'mil m

Thus, the first commutator from (70) gives a system of equations with respect to

Kkik'k
the coefficients ¢ vt
ULms i,
Kkikk i 2 r 2] Kksk'k Il Kkkk
L = |la + (a c L = ’ .
I'lmil m [( ’”“) ( ’”) I'lmyl 1 MM =130 1
I 1 K'k;k'k
—o o g
mATEmAT g 1 i
Or, substituting their values instead of &/ , we obtain

kkkk
llmll

=[A+m+ DA —m)+ T +m{’ —m+D]e

—WW+MW—m+na+m0—m+nJ“k

m—1;i I,

VU +m+ DT —m)I +m+ 1)

This system can be solved at the fixed indices ', I, lJ,

fix some indices [’,

— m)ck kik'k

./ . , ./ . k,k,k,k
I,1,1,k, k, k', kK and denote ¢
U'lm;l [,m

l’l,m+1;”,n‘f

via ¢,,.

k' k:k' ke
l/l,m;l',i,l’iz

(71)

I, k', k, k', k. Let us

Then, we
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obtain a system of homogeneous equations for c¢,,, where —min(/’,l) <m <
min(/’, [). We solve these equations using the Gauss method. When m has the
value mo = min(l’, [), we obtain an equation containing two unknown variables
Cm, and cp,—1, from which ¢,,,—; is defined via c,,. Further, when m has a

value mo — 1, we obtain an equation with ¢,,,—2, Cimy—1, €y, from which we can
define ¢;,,—2 via ¢, again. In doing so, we see that the coefficients cf/’lk;k’;fl. )

Jmil 1,m
different from zero when |I’ —[| < 1, thatis,at!’=1[,I'=1—1andl' =1+ 1.

For other values of /', the coefficients c;‘ [k wE ~are equal to zero. First, we take
s

[ 1,m

I'=1 (l , 1, k', k, k', k are arbitrary), then the equations (71) are rewritten as
follows

R-—U4+m+DI-—m)—1I—m)I —m+D]c kkklkl
K ksk'k i ~
+{+m)l —m+ 1)c i +(d+m+D{ - m)cll,mﬂ;i’z’,m -0

DEERRE KRR = 0. Whence
ILL T, WI—=1:1 1,

Kkik'k Kkik'ke K kik'k Kkik'k Kk k
o= c Lttt = (I — 1), where the constant ¢ ;" " does

11 1,m 11 1,m WI=11 1,m 1:1' i, 11 1,m

KKk k

not depend on m. Supposing m =/ — 1, we find analogously that Cotaiinm =

Supposing m =1, we find that (1 —

Ck k;kk(l

wiial 2). It is easy to verify that for any m there is an equality
dit,m

k' kK ke _ k' k;k' ke .

womsi'i i 11,

Let us suppose now I’ = [ — 1, then the equations (71) take the form

2= +m+ DU —m)—(+m—1{1—m]ec fklkzk i

+V+m =D = m) +m)T —m + e ’jk,k i

K ksk'k
+FVU+mU—m =Dl +m+ DA —me =

Making in these equations the substitutions

kkk’k — ~k’kkk (l +m)(l _m)’

lllmllm lllmllm

Kk k WA
¢ ., =c I+m—-1D(-m+1
I=1,1,m=1:l [,m I=1,Lm—=1:i [0 \/( + ¢ + 1),
K i =V m DT = m =),

I=1,1m+1;] I,m -1 lm+lll
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we obtain

p—a+m+na—m—a+m—na—)r““ Ja+ma—)

I=1,l,m

+U+m—DU—m+DﬁMk_¢jm—mW+m)

I-1,l,m—1;l [,m

4 —m = 1) +m+ 1)+F* VA +md —m

1-1.1, +lll

Where,
21_12 Kk ke 12_ 12~kkkk
[ +m]lll ll +[ (m )]lllm lllm
12 —(m 1 24~k k' k =0
+1 (m + )]lllm+lllm

It is easy to verify that this system can be solved at Ek k klk i ~ (this coefficient
- ’m; P

does not depend on m). For that reason, we can suppose e ¢ L, =Rk

I=1,0msi ih I=1,5:0 1
Coming back to the old variables, we find that
1L 0T 1L T
Klekk KRRk 2
I—1,0,msl 1, 1=1,130 [ i

Finally, let us suppose I’ = [ + 1. In this case, the system (71) takes the form

R=U+m+DU—m—(+m+ Dl —m+ ekt

+VA+m+ DA —m+2)A+m)i—m+ l)c;ﬁkzk —1i'i,

K'kk'k _
+ \/(l +m+2)(—m+ 1) +m+ DI — m)cl+1.,l,m+1;1"1',m =0

Making the substitutions

k'k:k'k K ks e

l+llmllm_\/(1+m)(l_m+ )l+llmllm
kkkk _ — k' ks e
H—llm lll \/(l+m)(l m+2) 1+1,l,m— 1llm
KERE = ST+ m + 2)( — m)eF Rk

1410 m+ 150 1 I+ Lm0 i

we obtain
R-U+m+1D(—-—m)—I+m+ 1 —-m+2)]
JU+m+ DI —m + DEFFE

l+llmllm
+ U+ m)A = m 42U+ m+ 1) —m+ )~f+k1k1];1 1l i
+(l+m+2)(l—m)\/(l+m+1)(l_m+1)~kkkk _

I+1,0,m— lllm
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Where,
~k'k:;k'k ~k'k;k'k
2[m? — 1> = 2]¢ + [ = m? + 21 +2m)¢
I1+1, Zmllm I+1,l,m—1; [,m
+[I2 —m? + 20 — 2m)KEEE =
1+1,1,m+1;] [,m
k' k;k' ke

A solution €l i

Sbie L,m

of the latter equation does not depend on m also.

Thus, the action of the commutator [[A”, Xl_l], ler] on the basis vectors gzkkz
m;lm

gives us the following solutions:

Kk _ Kkikk 2 _ 2
l—llmllm l—llllm ’
k Kk k K k;k'k
it i Wit
k'kk k k'kk k

l+1,l,m;[/f,liz

VU + 12 —m?2.

I+ 1,050 i

With the aim to find the ﬁnal form for nonzero elements of Aéi we must apply the

commutator [[A”, Y”] Y 1 1. In the result, we have

[[A%. Y0 v Je
o . Lo
= Z {[(eii)” + (o) Je flkn];;(lm_ % lk/’k':/fl’”‘l
vk
[ gl Kk Kk
T 1 %1€y m11m+1} il

Hence, it follows

K k’k i 2 iI\21 KiK'k i 0 Kkkk
= ((a, + (e, ) |c L. o—a o
l’l m,llm [( m+1) ( m) ] Ul,m;l 1,m MM sl 1 —1
k’klél%

/
—o
it 1%t 1€

Solutions of the latter system are derived by means of the analogous calculations

presented in the previous case of the commutator [[A”, X”], X! +]. They have the
form

K ki k

Kk ke -2 .5

U 1msi—1,1,mi Ilmsi—1,1 ! ’
k' kik'k Kkik'k .
Viomilion — ULmiil

Kk:k'k Kksk'k

Vlmsl+1,1,m

_ Kk /(i 2 _ 2
= Umsiti U+ 1) = .
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Thus, matrix elements of Aé’ are

Kkl _ K \/ I
Cl—l,l,m;i—l,i,n’l - Cl—l,l;i—l,i (l m )(l m )’
AY: Wik KIKE 72
3 I,m3l ;1 mm, 72
K kik' ke _ Kk \/ o o
Cl+1,1,m;i+1,1,m - 1+11/+11 @+1 n )((l +1 ).

All other elements of the matrix Aé’ are equal to zero.
Let us define now elements of the matrices A/ and AY. For the transformation
Alll in the helicity basis, we have
k' kiK' ke Kk
= a g
é‘lm dm Z Ul,m'm;] [, m éPl’m’;l/m’

Iom! L K

K'k;k'k

.
Ul,m'm;] [,m'm

A" = i[BY, A1 and (9) (or (12)). Indeed,

We will find the numbers a using the relations Al = [A”, Aéi] or

é.] — AIIA _ é-l

m; lm lm lm m; lm

i Kk ke 14% 1 (.1 »kk o
= Al § : L, —=A -
2 C/ P 'é‘r sl 2 3 amgl,mfl;l,m W"H{l m- L

- Ulm'mil [i'm”~U'm’5] m
l’,m’,i Jh/k’,i(/

o 1 i
i kk _ ! Z KKk k
amgl,rrz;l,;izfl + +am+1§l mil, m+1) 2 Cz'l,m/m;z"z',m’m
U’ L kK

M ) M .
K r I KE i 194
X . — 0o, . o . .
( m g‘l’ m'—1: i’ m +1é‘ 41 lm’ m é‘l/,,n/;l i —1 + m'+1 é‘ mlii ’m,+1)
1 ! kkkk Kk !
5% Z + 5%nt1
2 - llmm lldotlmm l’mlm’ 2
Um' [ i kK
% Z Kk g“"k
p llm m+lllmml’m1m
I'm' Qi Kk
1 i : 1 .
i Kkik'k 97 j
+ -a; E c S = =a,
2 n U'l,m' ,m;l I,rh’m—lé‘l’m’;l/m’ 2 m+1

U J i K

1
% E : kkkk é.kk
/lmmllmm+llmlm

B .
Um' .l ' k' kK
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Dividing the first sum on the four and changing the summation index in the each
sums obtained, we come to the following expression:

_ 1 4 k'k;k'k U KKKk
é‘l - Oyti€,, i M=y i it
mslni 2 Ul,m'+1,m;l [,m'm Ul,m'—1,m;] [,m'm

B .
Usm'.Lm' k' K

i Kk ke i KkkE 1 Kkk'k
—a,, o C —a,
Ul,m'm;l [,m'+1,m U'l,m'm;l 1,m'—1,m U'l,m’ ,m—1;l [,m'm
k' k | Kkk'k / k'k:k' ke 04
+al c olc —al e )g"k Lo
U'l,m’,m+1; llmm llmmllm m—1 Ul,m'm;l [, ,mi+1 U'm/;l m’

Therefore, elements of the matrix Alll have the form

K k:k'k
l’l,m’m;l',l',m’m
_ 1 ( ol MR Kkl ol MR
2 m'+1 I’l,m/+l,m;j,i,li1’m m’ 1/1,771’—1,m;i/i,m’m ' +1 I’l,mﬁn;/i,rh’-&-l,rh
k kik'k Kk ke Kk
+(xm, goo o—a, g ﬁnﬂc g
U'lLm'mil [,m'—1,m U'l,m' ,m—1;] [,m'm UlLm' ,m+1;1 [, m
7 T T 1
T “m KiK'k aﬁﬁﬂckk,kk ) KE (73)
U'lLm'm; ll m’,m—1 Ulm'msl 1 si+1) " Um!'s] iy
. k'k;k'k /
Since ¢ #Oonlyatm—mm—mandl—l—lll+ll

I’l m'm; l 1,m'nit
I—1,1, 1+1, then at the fixed indices m, m, I, [ k', k, K/,
KRk which are different from zero. Substituting e!,
U'l,m'm;] l '

k, we have

twelve numbers a

VT+mT=m+7), ey, = \/(l + m)(I — ni + 1) into (73) and using ck“‘l’;

from (72), we find that

i 1 wrwi 2

KRk — _ MKk — — m?

=1 Lm—1 =10 zcz—l,l;i—l,i\/(l +m)l+m— DU —m?),
I 1
Kk ke — 1 KkKE _
U,m—V,msil i~ D “u; dli m\/(l +m) —m+ 1,

i 1 %

K kik'k — _ Kkkk \/(l—m—l—1)(l—m+2)((l+1)2—n'12),

I+1,Lm=1msi4 Lo~ D I4+1,LI4+1,]

K kskk — L Nk _ o e
=1L mA+Lmi—Li i 2 Clvi-vi (¢ =m)(l —m 1)(1 i),

K k:k'k _ C KKKk —
o i = 500 /(L +m + DI —m),
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K k:k' ke
I+1,0,m+1,m3i+1,0 i

= LR D420+ 12 — ),

k' k;k' ke
1—1,01,m,m;i—1,1,a—1,m

K'kik'k

1,m,msll,i—1,m -

k' k:k' ke

[+ 1,0 m,msi+ 10—

k'k;k'k

I—11Lmmii—10i+1m

k'k:k'k

Varlamov

2 1,5+,

1 g 7 ]
_ L NERE _\/(12 —m2( + i) +m—1),

2 -1

1 . .
Lkl Gty =+ 1),

2 i

L .\/((l + 12— m2)(i — i+ 1) — i+ 2),

2 I+ LI+,

Loy =y - - 1),

2 I-1,Li—1,0

-1 """"m\/(z+m+ (i — i),

Wmmsii gL~

2 it

it 1 \/ . .
Kk — _ KKRE 22 . .
Lot — 3 I L L ((d + 1> =m*)(U +m + DI + i+ 2).
(74)
Let us define elements of the matrix Alzi. From Alzj = —[Allj, Aél] or Al; =

8.

and

kk Kkik'k Kk
;“ = E AP S
Imsiin — ULm'msl i/ U m sl

Uan' i i K

and also the relations (8) (or (11)), (72) it follows that

k' k:k' ke
1—1,1,m—1,m;i—1,i s

Kkl k

1,m—1,m;ll it

k'k;k'k
1+1,0,m—1,m;i+1,1,riuin

k'k:;k'k

I=1,Lm+1,m;i—1,0, i~

K kK ke
W mA41,m:il rivi

k' k:k' ke
I4+1,1,m41,m;i+1,],rivin

Iy 2
2% e 11\/(l+m)(l+m_l)(l -9,

:i KKk ST+ m) I —m + 1),

2 i

_ lckkk’ \/(l_m+1)(l—m+2)((l+1)2_m2)

2 I+1,5i+1,i

i Kk k \/(l_m)(l—m—l)(l —m?),

2 -1

= __ckkkkm/(l +m+ (I —m),

2Ll

= Lok \/(l +m+ DU +m+2)( + 1)? — i),

2 I+ LI+,
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k' k;k' ke
1=1,L,m,m;l—1,1,m—1,1it

K'k:k'k
1,m,m:llm—1,m

k'k:;k'k

I+1,Lmmsl+ 1,0 m—1m

' k;k' ke
11,0 mm;i—10m+1m

k'k;k'k
1, m,msil i1,

k' k:k' ke

11,0 mmsi+ 1,0 L

1 )
= kR
2 -1k

\/(12 —m2) (1 + m)([ +m — 1),

— _Lemmihy Ji i — i+ ),

2 1111

i —
2 l+1,z;z'+1,z’\/((l+1) m2)(J — 14+ 1) — 1 +2),
KUk s —

21 11\/(1 m2)([ — ) — i — 1),

I KRR

= 2Cuii m\/(l+m+ (I — m),

_i K Ik e s i —

2 l+1,1;1'+1,z‘\/((l + 12 —m?2)(I +m+ 1) +m +2).

(75)

/A

Coming to the dual representations, we find elements of the matrices A, A, and

w1l

sl

A5 . The dual transformations A in the helicity basis are

w i
A

wli
AzC

w1l
A3C

! * k' K
ke _ Z h LA
Im;lm ’ Ul,m'ms] [i'm” lmsl i

Ul il kK
WKk k o
Imzim § bl’l,m’m;i 1,mit' 1 glm;l',rh”
l’,m’,i/,;h’,k’,lé’
Kk k
* ’
= § Ci ek,
Im;m mmllmm Imlm

o
Iom! i K

Calculating the commutators [iA”, Yéi], [[liA{i, Yl_j], Y{f;] with respect to the

kk
vectors
é‘lm,lm >

w i

we find elements of the matrix A :

k' k;k'k wk'k;k'k B
S A =md( = m?)
i Clmtlmi=1im = Cr -1V 5 —m ’
* Kk ke k' k
S 5 * 5
: . _ > ; 76
As Cumiim = Cryj mm, (76)

k' k;k'k

S - 2
Clatlmi,im = Cz+1,1;z+1,1\/((l + 1) -

k' k;k'k B
m2)((l + 1)? — m?).
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w i .
Using the relations A; = [Alzl,

*
we find elements a

*kkk
1=1,1,m—1,m;l—1,],rivrn

*k'kk'k
1,m—1,m:]l,rui

;k’k;l&’/&
1+1,0L,m—1,m;l+1,1 i

*k k' k
I—1,0,m~+1,m;l—1,1,rm

k' kk 'k
1,m+1,m;01 i

Kk k
I+ 1,01, m+1,m;i+1,i,rim

* I ksk k
1=1,1,m,m;l—1,1,m—1,1it

ko k
Um,msllm—1,m

k' kk'k
I+ m,msl 41,0, i — 1,

k' koK' k
I—1,0,m,m;—1,1,0m+1,m

* K ksk k
1,m,msil,m+1,m

;k’k;k’k
I+ 1,0 m,msl+1, 0, i+ 1

Kk

Ul,m’

fd —67 g1
2 I—-1,1;1-1,1

Varlamov

w i sl < 1
Aslor Ay = —i[B ! As]and (15) (or (18)),
) 1
¥ of the matrix 1*\1:
mi L'
1 sk'k:k'ke

-2
\/(l +m)l +m— DU —m?),

1 Kk

= =3 Cuii ti/(L+m)(l —m + 1),

1 sk’ ksk'k . .
- _zc,ﬂ’,;m,,-\/(l —m A+ DA —m+2)(( + 1)? — ),
1 WKk 2
= —50,71’1;1-71’1‘\/(1 —m)l —m— 1 —m?),
1 WK kk

= = Cui ti/(L+m + 1)1 —m),

1 WK : .
= 5C1+1,1;z'+1,z'\/(1 +m+ DA +m+2)(([ + 1)? —m?),
1 «k'k:k'k K . ]
= —50171’,;271’1-\/(12 —m2( +m)( +m—1),
I T —
= §Cll;l'l' m\/(l +m)(| —m+ 1),
1 WKkl — —
= zcl+1,l;i+1,j\/((l + 12 —mA)( —m+ (I —m+2),
1 sk k:k'k . .
= Eclfl,l;l?l,j\/(lz —m?A ([ —m)(] —m — 1),
akkikk [T —
= EC”;I'I' m\/(l +m + 1)([ - m),
1 sk'k:k'ke . ] . .
= _zcm’,;m’,-\/((l + 12 —m2([ +m+ DI +m+2).

(77)



General Solutions of Relativistic Wave Equations II: Arbitrary Spin Chains 775

w1l w1l
Further, from the relatlons A2 = —[A”, As]or A2 = z[B1 , A3] we obtain
WKk k
elements b, et mimi i iviin OF A2 All calculations are analogous to the calculations

presented for the case of Aﬁ’ . In the result, we have

ks k i sk \/ 2 S
Di_t 1 m—1mii—1,i s = SC-1ki-1 +m)+m— 1D —m?),

KT i Wk EVE
bitm—1,miipiuin = _Ecll,u /(L +m)d —m + 1),

wk sk k i Kk k ) ]
b1t m—1,msis 1, i i = _501+1,1;1’+1,1‘\/(l —m+ 1)l —m +2)((I + 1) —m?),

wk kK k [ wkkk'k \/ 2
Dyt pm,mii—1,0 i = SC-1Ei-1i (l—=m)(l —m— DU —m?),

WKk k i sk kR k-
Dt et msii i = Ecll;l'i /(L +m+ D( —m),

KKk i «k'kk'k . ]
ittt omsie i = —ECHH;H”\/(I +m+ DI +m+2)((1 + 1)? —m?),

wK kK k i sk k:k'k
D11 pmomsi—1j =100 = 5 -1k~ 11\/(1 —m2)( + ) +m —1),

KKKk i «Kkkk \/ . .
bu,m,m;[[,mq,m = zcll;li my/ ([ +m)( —m+ 1),

wk k' i sk'k:k'k . . . .
byt gmmit i1 = 501+1,1;/'+1,1'\/((l + 12 —mA( —m+ D —m+2),

KRR l*kkkk \/ ) ;
D11 tmomsi—1d i1 = T3 CI-i- (1% —m?)(I — i)l — it — 1),

KK i Kk \/ — —
bummsii i 1m = =5 i M (I +m+ ([ —m),

Kk k i sk'ksk'k . ] . ]
Disvimmitvivistm = 5‘31+1,l;1’+1,1'\/((l + D2 —mH(+m+ DI +m+2).

(78)
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In general, the matrix Al3] must be a reducible representation of the proper
Lorentz group &, and can always be written in the form

B Aélil |

Agzlz 0
. Iy
AY = A" (79)

Lnln
A3

. . . * ll ., . .

where Aé’l’ is a spin block (the matrix A has the same decompositions). It is
. . wll 1l

obvious that the matrices Al]’ , Alzl and A;, A, also admit the decompositions

of the type (79) by definition. If the spin block Aéij' has nonnull roots, then the

particle possesses the spin s; = |I; — I; |. The spin block Aj in (79) consists of the

elements ¢}, where T 1.0, and 7, j are interlocking irreducible representations of
’ 1242

N .
the Lorentz group, that is, such representations, for which/{ =1, + %, L=h= %
At this point, the block Aj contains only the elements ¢, corresponding to such
interlocking representations 7, ; , T, i which satisfy the conditions
’ 102
. . N N
h—hLl<s<h+1l, |j—LI <s<Ili+1,.

The interlocking irreducible representations of the Lorentz group also called as
Bhabha (1945) and Gel’fand and Yaglom chains (1948).

Corresponding to the decomposition (79), the wave function also decomposes
into a direct sum of component wave functions which we write

v = wll”’l;ilml + wlzﬂlz;hmz + I/fl3’713;i3m3 +....

According to a de Broglie theory of fusion (de Broglie, 1943), interlocking repre-
sentations give rise to indecomposable RWE. Otherwise, we have decomposable
equations. As is known, the indecomposable RWE correspond to composite par-
ticles. A relation between indecomposable RWE and composite particles will be
studied in a separate work.

6. SEPARATION OF VARIABLES IN RWE
6.1. Boundary Value Problem

Following to the classical methods of mathematical physics (Courant and
Hilbert, 1931), it is quite natural to set up a boundary value problem for the
relativistic wave equations (relativistically invariant system). It is well known that
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all the physically meaningful requirements, which follow from the experience, are
contained in the boundary value problem.

Let us construct in C? the two-dimensional complex sphere S? from the
quantities z; = x; + iy, ’Z‘k = x; — iy as follows

?=d+n+5=x -y +2xy=r> (80)

and its complex conjugate (dual) sphere Sz,

2 2 2
Z =224+ =Xy —2ixy=r. (81)

For more details about the two-dimensional complex sphere (see Huszar, 1970a,b;
Smorodinsky, 1970; Smorodinsky and Huszar, 1970). It is well-known that both
quantities x> — y2, Xy are invariant with respect to the Lorentz transformations,
since a surface of the complex sphere is invariant (Casimir operators of the Lorentz
group are constructed from such quantities, see also (20)). Moreover, since the
real and imaginary parts of the complex two-sphere transform like the electric
and magnetic fields, respectively, the invariance of z> ~ (E + iB)? under proper
Lorentz transformations is evident. At this point, the quantities x> — y>, Xy are
similar to the well-known electromagnetic invariants E2 — B2, EB. This intriguing
relationship between the Laplace—Beltrami operators (20), Casimir operators of
the Lorentz group and electromagnetic invariants E2 — B2 ~ x> — y?, EB ~ xy
leads naturally to a Riemann-Silberstein representation of the electromagnetic
field (see, for example, Weber, 1901; Silberstein, 1907; Bialynicki-Birula, 1996).
In other words, the two-dimensional sphere, considered as a homogeneous space
of the Poincaré group, is the most suitable arena for the subsequent investigations
in quantum electrodynamics.

We will set up a boundary value problem for the two-dimensional complex
sphere S? (this problem can be considered as a relativistic generalization of the
classical Dirichlet problem for the sphere S?).

Let T be an unbounded region in C> ~ R® and let ¥ be a surface of the
complex two-sphere (correspondingly, 3, for the dual two-sphere), then it needs
to find a function ¥ (g) = (Wi (), V()T satisfying the following conditions:

(1) ¥(g) is a solution of the system

3
¥ Y e
) Al?—w—ii PUELApIS S
a*
j=1 J

faaj

in the all region T’
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(2) ¥(g) is a continuous function (everywhere in T'), including the surfaces
¥ and ¥;

3 Y@y = Fun(@, Vi @|g = Fui(@), where Fryi(g) and Fra(g)
are square integrable functions defined on the surfaces ¥ and X, respec-
tively.

In particular, boundary conditions can be represented by constants,

1p(g)|E = const = Fp, 1&(9)\2 = const = Fy.

It is obvious that an explicit form of the boundary conditions follows from the
experience. For example, they can describe a distribution of energy in the experi-
ment.

With the aim to solve the boundary value problem, we come to
the complex Euler angles (1) and represent the function ¥ (r, 6¢, ¢°) =
(Yriir (1, B¢, ©°), lﬁmm(r*, ¢, ¢NT in the form of following series:

Vi 6°, ¢°) = Z 2 Limini ) Z Z (9, €,6,7,0,0),

=0 k.k n=—l h=—1

(82)

1;&mm(”' 96 C) = Z Z flmk lmk(r ) Z Z aln Jn mn mn((p €, 9 T, 0 O)

ll 0 k, k n=—I| =—i
(83)
where
. —1)"Q2l+ 1)+ 1
Olm”.l_ — ( ) ( + )( |+ )/anl(ec c)mtl[ ((p’ 6,0, T, O, 0) Sing(‘
In;in 32714 mn;in

x sinf°dfdpdrde,

o (=D)L DL+
Inzin 3074

1 s
)/ Fuin(0°, °) mnmn((p,e 0, 1,0,0)sinf*

x sinf°dfdpdrde,

The indices k and & numerate equivalent representations. smf,ﬂn i
li
*

(M (@5 €, 0, 7, 0, 0)) are hyperspherical functions defined on the surface %
(X) of the two-dimensional complex sphere of the radius r (r*), f ik )

(p,€,0,7,0,0)

*
and f, ..;..(r*) are radial functions. It is easy to see that we come here to the
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harmonic analysis on the complex two-sphere, since the series (82) and (83) have
the structure of the Fourier series on S?.

Let us introduce now hyperspherical coordinates on the surfaces of the com-
plex and dual spheres,

71 = rsinfcos¢®,  zf = r*sin6°cos ¢,
2 = rsinf°sing,  z5 = r*sin6¢sin ¢, (84)
73 = rcos 6, 5 =r*cosf°,

where 8¢, ¢¢ are the complex Euler angles. Let us show that solutions of the equa-
tions (58) can be found in theorem of expansions in generalized hyperspherical
functions considered in the previous section.

With this end in view, let us transform system (58) as follows. First of all, let
us define the derivatives %, 321_* on the surface of the two-dimensional complex

sphere (80) and write them in the hyperspherical coordinates (84) as

ad sing® 9 cos p°cosh° 0 . 0
_— = - — — 4 cos ¢ sinf°—, (85)
da; 7 sinf¢ dg r a0 ar
d cosg® 0 sin ¢¢ cos B¢ 9 .. .0
— = L ne — 4+ sing°sinf°—, (86)
das rsinf¢ dg r 00 or
0 sin6¢ 9 . o¢ 0 &7)
— == — 4+ cosf —.
das r a9 or
9 .9 sing® 9  cos¢sing 3 | e a0
- = — —— — cos ¢ sin ¢ —, 88
daf laal rsin§¢ de + r at Tl gt or (88)
0 ) cos¢® d +sin¢>ccoséc 0 4 i sin o sin6¢ 0 (89)
=j— = — — +ising®sinf°—,
dajz day  rsinfc de r ot v ar
0 0 in6¢ 9 .0
=i = M7 T cosde (90)
dajz das r ot or

Analogously, on the surface of the dual sphere (81), we have

9 sing® 8  cosg‘cosf¢ 3 .. . 0
— = - — 4 cos ¢° sin6° ) o1
dd, r*sin0¢ 9 r* a6 dr
3 ¢ 9 sing‘cosf® d x
i cos¢ 9 | SN¢ CosT 9 | Gn @°sinf°—, 92)
dd,  r*sinfc do r* 26 ar*
d sinf¢ 9
9 _ o o°¢ ) 93
da a6 Y o
) 0 sing® @ cos¢cosh°

_ —]—

.. 0
— — = — — — ———————— — —jcos¢°sinf° , (94
oay 0d; r*sin ¢ de r* ot or*
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0 cos @ 0 sin ¢ cos B¢ 9 0
— = —j— = — .90. — L4 — —ising° s1n9‘ , (95)
0a; ddy r*sin@¢ de r* 0T
0 sinf¢ 9 .
— =—i— = — —icosf (96)
043 043 r* ot ar*

, o i
Coming back to (58), we see that the matrices Alj] and A ; inherit their tensor
structures from the infinitesimal operators (7),

A[jl = Al] ® 121'+] - 12]+1 ® Alja

*li *I oy
AJ :Aj®121+1 _121'+1 ®A]

Taking into account the latter expressions, we rewrite the system (58) as follows

3
3 (Al ® 1y, — Ly ® Al ) 4

— da;

.

3
i\ 0 X

+i Z (AIJ Ol — 1y ® AlJ) 8;/:‘ ¥ =0,

j=1 j

3 i y
x 14
Z (Aj Lyt — 15, ® A ) %

j=1

N A4
=i | A @ — 1y, ® 4 o) h = 0.

j=1
Substituting the functions ¢ = Tl;l(g)tﬁ’ ¥ = ]il;l(g)ll}/) and the derivatives
(85)—(90), (91)—(96) into this system, and multiply by 7);(g) = 7};(¢*, 6, 0)
(T (@) = T,;(*, 6, 0)) from the left, we obtain
sin p° B(TU,_‘(g)q//)
7 sin ¢ ¢

Ti@(A] ® Ly — las1 ® AY) |:_

C o3 96
p 9 —+ cos ¢" sin or

+ cos p°¢ cos B¢ 8(7};1(9)'#/) . _B(TU_I(E)W):|

cos ¢° 9 (le_l (9)'//)
¥ sin 6¢ ap

+ T (A, ® 1y, — 1o ® Ab) |:
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. c -1 / -1 /
N sin ¢ cos @ 8(T”. (@Y ) 4 sing® sin6° 8(T”. (@Y )
r 06 ar
_ ingc (T (@) T (9)y)
1 sinf i i
+ T;;(9) A3 [— . £y —l—cos@cT

singe (T, @¥)

+iT(@) (A7 ® 1y, — Lo ® AY) [—

r sin 6¢ de
cosgesinge (T @¥) AT @)
+ +icos¢‘sinf ————
r T ar
_ e (T (@)
. cos ¢
+iT(@) (A ® Ly — 1 ® A)) [—r Sin e L 5
singfcosoc (T @¥) (T @)
+ +ising‘ sinf ———
r a0 or
_ inoc (T @y (T o)y
—{—lTll(g)Aél _SlII(P ( 1l +iC089C”—) +KCT/f =0,
r aT ar
. *,1 o/
* Py oy sin (06 (Tll (‘g)'ﬁ )
Ti@(A @ Ly — 1, ® A)) T singe e
*_ . *_ .
ccospc (T, (@¥ (7 (¥
n cos ¢° cos ( li ) +cos gt sin@‘( li )

r* 200 ar*

. * 1 ./
* xl xl cos ¢° (T (9¥)
+ T, @ (A, ® 11 — 1| ® A) 1

r*sin6¢ dp

*7 ./ *71 .
sin @€ cos ¢ (T,,'I(g)'/’ ) ¢ e (T”- V)
+ + sin ¢ sin ¢ ——
r* 200 ar*

* .y
. | singe (T, @)
+T,;(@A; | — —

*_ .

(1, @¥)

+cos ¢ ——
r* a6 or*
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. x|y
X *! x! sin ¢¢ (')
—iT;(@)(A) ® Loyt — 1y, ® Ay) s

r* sin ¢ de

X *_] ./ *_1 .7

cos ¢° cos B¢ (T,l' (9)'/’) ) e 'c(Tll' (9)'/’)

- —icos@fsinf’————
r* Jat ar*

* xl xl
_lT”(g)(Az ® 121+1 - 121'_'_1 ® A2) -

r* sin ¢ de
sin ¢¢ cos 6¢ (T,_jl(g)lb ) . (T ‘@)
- —ising‘sing*———
r* ot or*
[ singe (T, (@9 (@) L.
—l'itll( )A3 |:Sln ¥_iCOSGCUaT + K '//ZO

In virtue of the invariance conditions (61) we have
T”-(g)[ A” sin ¢ + A” cos ¢° le I Alll,

T”(g)[Allj cos € cos O + Alzj sin ¢ cos 0 — Ag sinH°¢ Tzz Y(g) = A,

Tll-(g)[2Allj cos @€ sin ¢ + Ag sin @ sin0¢ + Aéj cos 0 le I Aéj,

i

Tll-(g)[Alli cos ¢ cos B + Alzj sin ¢ cos 6 — Agj sin6¢]T1( Ag,

]
]
]
Ty@)[ — Al sing® + Al cos ¢ ]T (@) = AL,
] 1
]

T”-(g)[Allj cos ¢° sin 6¢ + Ag sin ¢¢ sin 6¢ + A” cos 6¢ le (9) = Aéj,

* *li *Ii *
T,/(@] — A, sing® + A, cos wC]T_-l(g) =A;,

s i s li sl
T”(g)[A1 cos ¢ cos 0 + A, sing‘ cos 0 — A3 sin 6° ]T @ = As,

wli wli
T”(g)[A1 cos ¢ sin ¢ + A2 sin @ sin0¢ + A3 cos 0°¢ ]T (9) = A5,

wli w i
T, @[A, sing* —A2005§0]T (9= Ay,
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% wli w1 w1
Tzz'(g)[ A, cos @ cos O — A, sin¢° cos 0 + A3 sin §° ]T (9) = A,,

% w i . « . w - « i
T;/(@[A, cos @ sinh + A, sin g sin + Az cosO”]Tl‘l.l(g) =

Taking into account the latter relations, we can write system (58) as follows

L o @) o a(r v
— A1 ®1,,,T,i(9) ———1 1 ® A T @)—————
r sin 0¢ ap r sinO°¢ ap

o(r@v) o(1 @)
A @1y, T,(9) +—— Ly ® AT, (9)7
7 sin O°¢ de r sin 6¢ de

o(1; g),/,) (T, *%g)w)

1 1
— A @ 1y, T(0) +;121+1®A i(@)

P (T, *%g)n/r) j (T, "(QW)
- ;Az ®1,,,T (9)7‘5 - ;121+1 ® A (9)7.[
o1 @) o(1'@v)
—AUT(g ) AT, (9)7—}—161///:0,
r r
P AN AL A SN (P A Ui
resinge 1@ L8 dp r*singc 2+1 A 0
AU ( o(r, ' @¥) i o (T @Y)
r sin@“Al ® L T(@) de + r*singe 2+ ® MTy@ de
| o \ a(T,’l.‘(g)il'f’) ! iy (T @)
—wh® IZHIT”(Q)T + rjlzm ® AT, (9)79
i a(red) o o(17 @)
—rjl\z ® IZHIT”(Q)T — =L ® AT, (9)7
i o(rtew) i, o(Tiev)
AT ———L i AT @)~ i =0, ©7)

or*
The matrices 7"];1(9), ]fl;'(g) depend on ¢, €, 0, t. Therefore, we must differentiate in Tl;l

Y’ (Y’ilfl.l(g)ll'f/) the both factors. After differentiation we come to the following system:

1 9y’ 1 Loy’ i oy’
Aol — — ——1 A Al®l,, —
7 sin §¢ 1@ L dp  rsinge ® A dp  rsinfe 1® Lain de
i Ly 1 9y’ Loy
T singe 2+ ® A} e T 12’“ ® A 30
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_£A§®12i+1 aa’/'/ 121+1®A’ W + Al 8810 +iAY aaf/
|: 'l A11®12' T'(Q)Ll(g)— ! 121+1®A i (9) 71(9)
rsin ¢ I+ dp r sin ¢
A @1, Ty 71(9) @ AT @ 71(9)
r sin 6¢ +  rsinée
T?‘(g) 1 "(g)

1 el
—o A ® Ly 1) o + L ® AT )T @

i 3 ”._l(g) i l, 3T.—‘
—;Az ® 12”17},‘(9)371 - ;121+1 ® Ay T5(9)

L)) } )
+«I|¢¥" =0,

/ ./ H ./

Aange M @S = ey @ A e A © Dy
resinge LS T 90 T prsinge A g T rrsinge M ® T
Y1 ki w1 oy
mlzzﬂ @A —— e rjAz ® 12’“87 + — 121Jrl ® Ay— Py

il i Loy’ gy wligy

TR ®lai o = Sl ® Ap Ay — A
[ )aT;,.l(g) L e )BT (@)
resinge M@l Tile dp  rrsinge At MTie
B VP )aT’;l(g) L1 ® AT >8T @
Fesinge M1 @ )T 7+ sin g 24+ '8
1 e l 8T (g)
_71\2 ® 121+1T1,(9)7 + ;12141 ® AsTi(8)
* 1
. 8T o) «lsx 0T (@)

1l
_7A2 ® 121+1T11(9)7T r—*le_l ® AzT”‘(Q)T +x 1

xn/)/ =0.
98)

a7\ (g) ar !
Let us show that the products T“-(g)’fT, o T4i(9) ;T
combinations of the infinitesimal operators. For example, let us consider the simplest
tensor representation T 1 = 71 , ® 7, 1. The representation 1 is realized in the four-

dimensional symmetric space (1, 1). The matrix of 1 in the space (l 1) has the following

g9) ..
are expressed via linear
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form:
T11
11(9)
€ o< [ —jel® 05 —ig gin 9 [ 0 gin 95
€€ cos 5 cos 5 ie'? cos 2 - sin > ie”'?sin 5 cos 5 e€sin & 2 sin 2
_ 0 g —i9 gin & sin & ie€sin & cos &
_ ief cos & 5 sin 5 cos & 2 cos 2 e '?sin 2 sin 2 ie € sin 2 5 " cos T
0° o ip [ 0° —igp —i [
ie€ sin & > COS & €'? sin 2 sin & > e '?cos 2 - cos 2 ie € cos 2 sin 2
€ qin 9 oin 9 ie'? sin & [ —je ¥ S e €
€€ sin 5 sin 5 ie'? sin 2 - cos 5 ie”'? cos 2 - sin & > e “cos 2 " cos & 5

This matrix is obtained from (28) via replacing all the functions 3mn (6, T) by

1 __ ,—m(e+ip)—m(e—igp) : . :
M i (90, €,0,7,0,0) = e ¢ ¢ 3,,,,, wq (0, T). An inverse matrix for T%%(g) is
—1
711(9)
22
c je P C . je . . C je . . c . qe
ecosZcosy ieccosTsing  —iesinGcosS e csin%sing
Po—i¢ 0° gin —igp [ 0° =iv gin & gin & —je—i%sin & [
| ie¥cosTsinT  e7cosFcos T e sin T sin ie™'¥sin 5 cos 5
. 3 . C e . . c .
—ie'¥ sin % cos % e'? sin % sin % e'¢ cos 9 cos 9 ie'? cos 9 sin ‘i
€ gin & gin & —io€ sin & 9;~ee,'e, ee,e,
€€ sin 5 sin 5 ie€sin 5 cos 5 iefcos 5 sin 5 €€ cos 5 cos 5

Infinitesimal operators of the representations 7 , and 7, 1 are

1 0 1 1o 1 ro1fioo
AT =L A= oA =2 ,
211 0 21 -1 0 210 —i
B% _ _l 0 1 B% _ 0 —i B% _ l 1 0
! 2 of 20 o 7200 -1
~ 1 [0 1] .1 1o 1 ~ 1 1[i o]
A =L A== A= ,
211 0 21 -1 0 : 210 —i
_1 110 1 L1 1{ 0 L1 1 -1
B} = , B? = B} = - 99
211 0 272l =i o0 T2 0 1 ©9)
Taking into account the latter relations, we find
07,1 (8)
T%%(B)T
—icosO¢ +icosf¢ —sinb° —sinf¢ 0
_ 1 sin ¢ —icosf° —icosf° 0 —sin6°
“ 2| sin#¢ 0 icosf¢ +icosf¢ —sinh
0 sin ¢ sin §¢ i cos@° —icosf°

=—(A;®1,c080° — 1, ® A;cos6°) — (A, ® 1,sin 0 + 1, ® A, sin6°), (100)
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071 (@)
t11(g) e
—cosf¢ —cosh¢ —isinh° isinf° 0
_ 1| isiné* —cosfh 4+ cosé° 0 i sin9°¢
2| —isin6° 0 cos@° —cosf¢ —isinf°
0 —isinf° i sin ¢ cos O¢ + cos B¢

=—(B;®1,c080° — 1, ® By cos6°) — (B, ® 1, sin6¢ + 1, ® B, sin6°),

0 i —

@ 1 |i 0 0
@O, 20 =i 0o o
0 —i i

0 1

dri@ |10

11(9) c — 2|1 o
01

*
T11
11(9)
6 0 —igp [ ¢
e€ cos 5 cos 5 ie™"% cos 5 sin 5
6 ¢ —ip 0 ¢
_ ie cos 5 sin 5 e™'Y cos 5 cos 5
| Sietsin® cos e~ sin & sin &
ie€sin 5 cos 5 e'?sin 5 sin 3
. je . c . i . je c
e€ sin 97 sin % —ie ' sin % cos &
and its inverse matrix is
0
T11
1418
e €cos 92 cos 92 —ie € cos 92 sin &
ip o< 9¢ z(p o< 6¢
_ —ie'? cos 5 sin 5 oS 5 €oS 5
ie—i% sin & cos & —ip gin 9 gip &5
ie™¥sin 5 cos 5 e '¥sin G sin

¢

6c o< 6
e€ sin 5 3 sin 5 P ie€sin 5 ) Ccos 75

- o o =

(101)
=ARL-1L,RA, (102)
0
1 N
| =B;®1,-1,®B,. (103)
0
—iei? gin & cos & o€ gin & sin &
ie'?sin % cos & e7¢sin & sin §
ip o 09 G 00 s s
€' sin & sin & ie ¢ sin & cos &
) i ,
i 0° [ o€ 0% in 85
e'? cos & cos & ie ™€ cos & sin §
iei? cos & sin & —€ cos % cos &
ie'? cos & sin & e~ cos % cos &
io—€gin & cos & o€ sin & qin &
ie~“sin% cos G e sin 5 sin G
i gin 05 qip & i 0i? gin & cos &
€' sin & sin & ie'? sin % cos §
—ip 6c 6 _ i ,—ip 0° i 0°
e™'? cos 5 cos 5 e cos % sin §
o 6

6c 0¢
—ie€ cos 75 sin 5 P e€ cos 5 COS 5 P
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In this case, we have

—1

X 3;%%(9)
T%%(G)T
—icosf¢ +icosf° —sinh¢ —sin6¢ 0
_ 1 sin 6¢ icos@° +icosf¢ 0 —siné°
) sin 6¢ 0 —icosH¢ —icosf° —sinb
0 sin §¢ sin 6¢ i cosf¢ —icos@°
=(A; ®1,c080° — 1, @ Ay cos0°) — (A, @ 1,8in6¢ + 1, ® A, sin 6°), (104)
071, (@)
* T11(g
22
O
—cos0° —cosf° isinb° —i sinf° 0
1 —isinf° cosf¢ —cosf¢ 0 —i sin@°
2| isingc 0 —c0860° +cosH° isinb°
0 i sin ¢ —isinf° cosf¢ 4 cos 6¢
=(B;®1,c080° — 1, ® Bycos ) — (B, ® 1,sin6¢ + 1, ® B, sin ), (105)
8*71 ) 0 —i i 0
* T11(g Il —-i 0 0 %
22 _ 2 — _ _
T11(0) 50 =21li o o il AL -1,0A)), (106)
0 i —i 0
o 0110
N T11(g 111 0 0 1 =
22 —_ — —
7—'%%(9) ot~ a2l1 00 1|7 BI®lL-1,®B) (107)
01 1 0

In the following example, we consider the first nontrivial tensor representation T, 1=
TL0®7T) 1 The representation 7, 1 is realized in the six-dimensional symmetric space
(2, 1). The matrix of 7, ! in the space (2, 1) has the following form:

. ; z Jéii .
ek?w cos? £ cos & 7iee+231 cos? & sin & e 2 §ingccos &
2 2 2 2 2 2
3e+ip ¢ e+3ig el ic
_; 2 60° [ 2 0¢ [ e 2 e an 66
ie 2 cos” sin 5 e 2 Ccos” 5 Cos 5 7 sin 6¢ sin 5
3etig e+3ig c—ig
i . iC . . jC RS 4 " jC
e é sin 6¢ cos % ¢ «/25 sin 0¢ sin % e 2 cosHcos 97
r]%(g) = 3e+ip e+3igp .
e 2 §in@°sin L e 2 §ing°cos L —ieg 7t cos6° sin &
V2 2 V2 2 ) 2
3e+ip . 5 e+3ig . sc &y 5
7 §in2 &€ [ ie 7 sin? % sin ie 2 ope [
—e I sin” 5 Cos 5 ie 2 sIn” 5 sin 7 sin ¢ cos 3
. . =i
3e+ip ¢ ic €+3ip ¢ je
i in2 & sin & _ 2 6¢ [ e 2 in0¢sin &
ie 2 sin” 5 sin = e 2 sin 5 COS 5 7 sin ¢ sin 5
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—etip X
e : ¢ ain 08¢
& ——sinf°sin 5
V2 2
—e+ig
ie 2 spc [
7 sin 6 cos %

i —e+ig . 4e
—ie” 2 cosf¢sin 97
—e+ig X i
e 2 cosfCcos &

—e+ip
2 . P
& ——sinf°sin 5
V2 2
—etip
ie 2 i Qe 6¢
v sin 6 cos =

In turn, this matrix is obtained from (29) via replacing all the functions 3

e+3iw
2

_et3ip
ie” 2
€+3ip
ie. 2
V2
_ €+3ip
2
V2
_et3ig
e

_et3ip
2

—ie

sin?

Ccos

29—00%—

Sf . 9'6'
5 sin %
. e
sin ¢ cos 97
. . e s

sin ¢ sin 97

c jC
2 LCOS%

2

2 0°

Ccos 5

sin 7

Varlamov

.gC
5 sin -

= 2
sin .

7 sin? £ cos £
. . HC
£——=— sinH° sin 97
-2 . HC
“—=—sin 6 cos 97

2 0¢ 6¢

Ccos 5 sin 5

2 6°

Cos 3

Ccos 7

(0, 7) by

mn;rn

1 : . :
M i (@5 €, 0, 7,0, 0). An inverse matrix for Ty1(g) is
_ 3etip 5 g¢ o . _3etip 5 0C . g P S gc
e 2 Cos” 5 Cos F ie 2 cos” Fsin - “—=—sin 6 cos 5
€+3ip ¢ ic €+3ip 5 ic
e 2 co? Lsin® e 2 cos? Lcosh 2 ingcsin s
ie 762“ €os” - sln 5 e ,:ﬂ- Cos COS 5 7 sin ¢ sin 5
_ie 2 ¢npe [ e 2 ino°sin & e 9¢ cos <
1 _ A S oS 5 75— sinf“sin 5 e cos 6 cos 5
TI% (g) - €—ig e—ig e—ig
e 2 in € qin 05 _ie 2 < c L 0C io 3 € «in 05
7 sin @ sin 5 7 sin 0 cos % ie ;. cos 0 sin 5
. . €+3ig )
—e e sin? 9— cos & —ieHZSW sin? Cgin% —i¢ 2 ing°cos &
S 5 sin 5 7 S 5
. . 3etigp
3etip ¢ ic 3etip ¢ ” ==+ i
_i in2 8 gn 86 _ 02 65 og &5 e 2 gope g 66
ie 2 8In” % sin =5 e 2 sIn” 5 Cos 5 7 sin ¢ sin
eim in0° si oc 736;[@ . 73642#(/7 gc
S5 sind“sin 5 —e sin? & cos L —ie sin? & sin 5>
€+3ip . .
T jc . _€t3ip _€et3ig
— = sin6* cos & —ie” Z sin? 97 sin & 9 —e~ 2 sin? 97 cos & 9
—etip ; =He v —ctip ,
ie 5 cos 6° sin & —ie 2 in@cos & e 2 §inf°sin L
2 72 2 72 2
e—ip e—ig €—i .
. HC 2 . - . 6€ i 2 . . oc¢
5 < HC < 0 e sin € sin & _ie sin 6¢ 0%
e 300500052 7S 6 sin = 7S 0 cos 5
e . e A3ip e g eio e e
sin 6 sin - e 2 cos 5 COos 5 ie 2 cos 5 n7
{ Y
€1 c 3etigp c ic 3etig
—”T sin ¢ cos & ie” 2 cos* & sin e 2 cos? % cos &
In turn, infinitesimal operators of the representation 7 ( are
; 01 0 1 0 1 0 i 0 O
A}:—\7 1 0 1} Ang -1 0 1| Al=|0 0 0 |
Zlo 1 0 2o -1 0 00 —i
1 010 1 0 —i O 1 0 O
1 1 . . 1
l__T 1 0 1], Bzzf i 0 —i| By=[0 0 0 |
2lo 1 0 2lo0 i o0 00 —1I
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Al = — L (1) (1)(1) A= — —01 0
V2l 1 o 7 V2|0

o foroel oo
e v o] TV S

789

i 0 0

, Al=]10 0 o0 |
0 0 —i
-1 0 0
Bl=| 0 00
0 0 1

Taking into account the latter expressions and the operators in (99), we obtain

3T1;1 (9)
7,1(0) T

—i cos()"-%—% cos 6¢ —% sin ¢ —% sinf¢ 0

% sin ¢ —icosH”—% cosf¢ 0 —% sin ¢

% sin6¢ 0 %cos@“ 7% sin ¢
o % sin@¢ % sin§¢ 7% cos 6¢

0 0 % sing¢ 0

0 0 0 %fz sin ¢

—1
b (@)
2
L(@——
15
2 de
—cosf)"—% cos 6¢ — 75 sin o€ —% sinf¢ 0
% sin6° —c059“+% cosd¢ 0 ﬁ sin6¢
—% sin6¢ 0 —%cos@“ —%sin@“
1o - ﬁ sin6¢ ’7 sinf¢ % cos ¢
i e
0 0 7 sin 6 0
0 0 0 — ﬁ sin ¢

0 0
0 0
- % sin 6° 0
0 - % sin 6¢

icos ¢ +% cos §¢ 7% sinf¢

1 singe icosf¢—75 cosO¢

~ 1 . ~ 1 .
—(A; ® Lycos6° — 15 ® A cos ) - (A; ®1ysin6° +1; ® A; sin@”),

(108)

0 0
0 0
% sin6°¢ 0
0 ﬁ sin@¢

cos 0 — % cos ¢ 7% sin§¢

% sin§°¢ cos@"Jr% cos ¢

~ 1 . ~ L .
=~ (B} @ 1acos 6" — 15 ® B cos ef) — (Bi®@ Lysing* + 15 @ B sinf°),  (109)

0
) 5

07,1/ (@) .

P S — 2
Tl%(g) 20 o
0
0

i
2
0 0
0 0
i i
V2 2
_ i
0 7
0 0

sk

S O w~

sk

0 0
0 0
_ i
7
i
0 7
0o
i

(110)
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| 1
0 -4 -5 o 0 0
1 1
-5 0 0 -——= 0 0
-1 2 V2
a7, (@) _L 0 [T S T
m@——=| " oo
13 9t 0 ~L 1 0 —L
V2 2 V2
1 _1
0 0 -5 o0 0 !
1 |
0 0 0 -5 -4 o
1
, L1
=B ®1,—-1;®B;. 111
. . * . .
Further, the conjugate representation T, 1 acts in the space (1, 2) and we have the followin
L3
relations:
w1
T, 1 g -
15 a(p
[cosér—%cos(ﬁc —%siné)” —% sing¢ 0 0 0
%sin&” icos(?“r%coser 0 —%siné‘ 0 0
Lo g ) N | e
3 8in ¢ 0 —5cosf¢  —75sinf° -5 sin 6¢ 0
0 % sin§¢ % sin ¢ % cosf¢ 0 7% sin§¢
0 0 \% sind¢ 0 —i cos 9‘7% cos0¢ 7% sin ¢
0 0 0 % sin ¢ % sin@¢ —i cos I‘j£+% cos 0¢

*
T,1

. . 1
(A; ® 1rcos6 — 13 @ A cos 9“‘) -

Yo

~ . 1
Al ®Lsind* +1; @ A] sinef), 112)

1
( )371%(9)
Hg)—F
2 de
—cos@”—%cosﬁc %sinQ" —% sind¢ 0 0 0
—% sinf¢ —cos@‘#%ccse" 0 —%siné” 0 0
% sin §¢ 0 7%0050" %sin@" 7% sin ¢ 0
i ge i e 1. pc i nge
0 7 sin ¢ 5 sin@ 7 cos6 0 7 sin @
0 0 ﬁ sin§¢ 0 cosé‘—%cosé‘" 5 sin6¢
0 0 0 ﬁ sin§¢ —% sing¢ COSQF+%COSQC
~ . 1 ~ . 1
(B; ® 1, cos6° — 15 ® B; cos 96> — (B; ® 1,sin6 +1; ® B} sm@”), (113)
0 -L I 0 0
2 2
1 -5 0 0 ﬁ 0 0
at,1(g) i i
x 11 B R S Sy
Ti@—— =
2 00 0 L -5 0 0 4
V2 2 V2
o 0 L o0 0o -4
o 0 0 & 5o
1
<1 1
=-(AleL-1,8A), (114)
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1 1
0 -3 -5 0 0 0
1 1
| -5 0 0 -5 0 0
* Brl%(g)_ 7% 0 0 -1 7% 0
rl%(g) 3 =1, L1, 0 0
T VA 72
0 0 —%ﬁ 0 0 -1
1 1
0 0 0 -5 -3 0
N 1
—(B}®12—13®Bf) (115)

It is easy to verify that relations of the type (100)—(115) take place for any representation
T,;(g) of the group & . Therefore,

oT " (9) l . o
7;(9) b _(A'g ®1,,,cos6 — 1y, @ Al cosd )
(AL @ 1y, sin6° + Lyy @ ALsing”),
oT"(9) l . o
7,;(9) PP —(B3 ® 1y, €086 — 1y, ® By cos 6 )
—(Blz ® 1y, sinf° + 1y, @ B, sind )
@ l_
li(g) PY: = Al ® 12i+1 - 121+1 ®A17
-1
i ( i i
7,;(9) ro—— Bi®1,,, — 1y ®B],
7, ) ” (g) = (AL ® 1p;1 cos 6 — 1, ® AL cos 6°)
i8 g 3 ® 1o 21 5
- (Ajz ® Loy sin6° + 1, ® A, sin6°),
37, ( )
11( )—— ll g (B ® lypicosf — 1y, ® B, cos 9‘)
- (Blz ® 1y sin6° + 1, ® B sin 9“),
07, (g)
1( ) ll (AI ® 121+1 21»+1 % ,A‘l])7

. )a%*,_,- @ _

i@ _(Bll ® Lo — 1y, ® B’n)
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Substituting these relations into system (98), we obtain

oy’ 1 oy i oy’
Aol -1 Ay Lo, 2V
rsinge 10 by T e 2 @ Mg T inee M1 @ i e
i oy 1 a1 oy’
— 1 AL A ®L,, 4 -1 ALY
tosimee 2 @M m e ® by g+ Tl ® Aoy
i i Y’ LA

—yA @ LG — Tl @ A T+ (L DA

+ [AlgAg — AUAT 4 ATBY — AIBY —2c0t0°Al @ 1,;,, AL ® 1,

-2 C0t96121+1 ® Aa121+1 ® Alg] 7/’/ + KC'/’ =0,

1 sl oy’ 1 <19y i sl i
A Oy - ——1, RA A N} D
r*sin 9¢ 1 @ o dp  rrsinfc A ® A g + r*sin ¢ 1 ® Lo de

i oy 1 a1 19y
rrsinge 20 ® MG Tt @b ge + Sl @ Ay
il i Es s ligy

T @l = Tl ® Ay (= DA S

1 *”*11‘ *”vi *li~1i *1i~1i c*i i
+;[A1A2 — A AT 4 A B — ALBY —2c0tb A, ® Ly Al ® 1y

. w1 .y e
~200t0° Ly, ® ALy, @ AL+ K9 =0, (116)

Now, we can separate the variables in the relativistically invariant system. Namely,
we represent the each component 1//;;’;].",1 of the wave function ¥ in the form of an
expansion in the generalized hyperspherical functions ﬁ)ﬁf,’m;,,m. This procedure gives
rise to separation of variables, that is, it reduces the relativistically invariant system
to the system of ordinary differential equations. Preliminarily, we will calculate ele-

. . - Lk sl . wli .
ments of the matrices D = AYAY — AYAY E = AUBY — AUBY, D = A, AY — A, Al
L 1i pli li pli
E = A,BY — A, B! First of all, let us find elements of the matrix D = AYAY — AJAY.
Using the relations (62), we can write D = 2AY + AYAY — A AYl. As usual, the action of
the transformation D in the helicity basis has the following form:

Kk _ K kik'k KK
pgt = 3 dE
Im;lm Ulm'm;l [m'm "1 m'51 m
M .
U'.m' 1 i k' k'

Taking into account (72), (74), (75), (8) and (9), we obtain

Im;jn Im;jni

k/k;];,];’ 1’ M k/k;];,/k' L/
=2 E c Lo Al § a N
UL/ msl L' Um0 i/ UL/ mil 1/ " Vm!s1 !

v J i K 1§ i R

petk = (2A§i Al Al,ngf);’f"f
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li k' ksk'k 04
— Al § b R G
Ulm!'ml Laid'm " Um’s1 i’

l’,m’./,:h’,k’.l&’

I e 1 T
e T D e o R S )
Ulm'msl [ " Um’s51 i’ 2 Ul,m'msl [,m'm

l’,m’,i,,m’,k’,k’ I’.m’,l”Jh’.k’,f(’
r 194 i oK i/ ki
_“m’+1§,’m,+1;l-’m, - m’gl'm/;z",m/—l + “m’ﬂ{,m@j’_m%l

i it , i , i
Kk UKk I Kk
- = b ( —a S —a .
2 Z VL' §ait' v m! é’l’,m’—l;z'm’ 1§ sy

Vo i K

g y .
I Kk i %4
te,, L, N FYINYS )

. y
m'sl i’ — 'm'sl w1

(e

I

m'

793

KE
g-/’,m’—l;['/m’

Dividing each of the two latter sums on the four and changing the summation index in the

each eight sums obtained, we come to the following expression:

o Kk Loy ki
L= E 2c gt a _—
Im;lm Ulm'm:l [’ m 2 U'lLm’+1,m;l 1,
[’,m’,l",m"k/,lé’
Ly wrici Ly Kk k
——a a - -
2 m’ 1’1,m’—1‘171;[,i,m’m 2 m/ +17 Lm mym +1,m
L7 vk Ly ek
+ o, + o, -
2 M m sl L —1,m 2 Ulm!+1,m;l i iy
Lo Kkl Y N7
2 Uil L 2 AV s i 1
_ Ll e
2 mtmd i =i ) Ui

Therefore, a general element of the matrix D has the form

KR o KR L ki
i L 2 s i i

ULm'mii 1ot v

L ek _ X i
2 m’ 1’1.771’71,m;1',l'.m’77'1 2 '/ + 17 L mym +1,m

n L VNI
2 ' l’l,)?l’m;i’i.rh/fl,)il 2 m'+1 I’l,m’+l,m;i/i,rh’m
+ Lor Kkl _ La[’ KKKk
ot .
2 AV i 1w 1,00

2 m'’ l’l.t11’—l,m;i,i,m’;i1
7 N ’ i
U KKk

2 i i =1
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Using the formulae (72), (74) and (75), we find that

D dlkiklgkl/’inm‘l?l 11t = C;( klkllj 1 [(l + l)‘ (12 - mz)(l - mz)

k' ksk'k _ KKKk 2 2 )
dl+1,l,n1m;l.+1,lv¢rilril - Cl+| Li+1, l(l +l + 2)\/((1 + l) m )((l + 1) T] 1)7)

KKKk
d . are equal to zero.
1/ it i

Analogously, using the relations (63), (66) and (67) and the operators (8)—(19), we
find that elements of the matrices £ = —2iAél + BlzlAll] — BlllAlzl, l*) = iAél + /:\121 Alll —

All other elements

Y/

i w1l Bl All ~/1’*”
AVA,, E =2iA; +BIA] —BlA, are

k'k;k'k _ k'k;k'k 7 [(12 _ 02
61—1,1,mm;z‘—1,1',mm - lcz 1,551 11(l [=2yda " )(l ri?),

. K'ksk'k _ Kkik'k
E: Wmmsii i 210” il mii,
Kk _ kkkk i 2 2 2 _ 0
ez+1,1,mm;z’+1,i,mm - l+1 Li+1, z(l I 2)\/((1 +D mn )((l +1) ).
(118)
*Kk:k'k Wk sk ke
* di_1 1 mmi—1iim = oo+ DV (2 = mz)(l —m?),
D: K kik'k Wk ke .
i1t mmsivtiim = ~CIELLi+1, il +1+ 2)\/((l + 1) - m2)((l + 1)? —m?).
(119)
ok ik e ok sk k / 2
€1l mmii—1,0 000 — EC_y psj z(l L+ 2 (2 —=mH( —m?),
E . WKk ke KRk
’ el.l..mm;lvl:,mm = Zlcll;ii mm,
ok kik k <k sk k ; ;
el tmmeit i = i — 1+ 2)\/((1 + D2 =m?)(( + 1? —m?).
(120)

The system (116) in the components wlkrfjm can be written as

1 144 | 9 Kk
k¥ I i Ui

— ®1 - ®a —_—

Z |:, singe “Wmm © Lait1 T r sin0¢ L ®@a;

— dp
U'm',[ i k' k'

. 124 . Kk
1 , 7 vyt 1 Pt ei i
kk U'm’;l m U'm’;l m
—_—ay, QL ——1511 ®a —
Fsinge omm = T2 g r sin ¢ i i Je
1 Kk | JukF
M "
4 U'm';l i’ 174 Um';l m'
bk’,‘ ' ®1,;, ——+ -1 ® b7 _
1w ,mm' 2[+1 90 r 20+1 il i’ 90
144 143
, l,mhl"m l’m/'i,m/
bk’f 1,  — = 71 .
1 mm @ Lojgy 97 241 @b i i 9t
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wk kK
kk'skk' I'm’ lm Uik 144 1 kk/ Kk 144
+(1 4+, + -d""" 1/ y
W, mm';1l ,mm’ or v W omm'] am  Um'lm’ r ll’ mm'’ [[ mm’  U'm';] m'
2i y 2 . y
4t ¢ kk' ) 1 KK 4t c kk! 1 kKR
+ p cotO°ay p ® 1, ym'yr s + p cotf0U1y ® g wl’m’;j/rh’
¢y kk _
ti wlm;irh =0,
. k/,’(/ . krkr
Z 1 i ® 1 lfmr.l'/mr 1 1 * ek lrmu[',n*l/
—a, 20+1 — — —— 1 Aoy
4 | rrsinge i i g r*singe A+! [Womm” =54
'm0 i kK
) . k,k, . k/k/
kk I'm’;l kk U'm';l m
——dy @ lyy —1 O
r*sin O€ il i’ de 7% sin B¢ 21+1 ', mm de
L i k'k 144
1 skl Ui #kK wl/m di
_jbil,,Zﬁzm’ ® 12l+1 90 7*12i+1 ® bll’,mm/ Py
e P Kk , PR
lj;k]/( ®1 sl ! 1 ® ;;kk awl/m’:l' '
—=bji’ i 2041 ; ) ————
« 21l ,mm 9T 2]+1 ', mm 9T
1L .k,]é, T L s
xkKskk i 1 «kk'kk R 1 «kk':kk i
+ (] - l)cll/,n1nl’;l'll,ﬂ1rh’ ar* 7*dll’,mn1’;ii,,mm’wl,m,;l"m, 7*€ll’,mm/;l‘l',,mm/ l’m’;l',n'l’
2i *ip 2i . Py vy
c X kk' c kk 1.7 k'K
+ - cotf @i o @ 1ypm Iﬁlm r—* cot 0Ly | ® appr wz'm/;z"m/
.C s L
kY =0, (121)
Im;lm
" k' sk’
. kK'skk’ *ERS ,
where the coefficients a”, il it o> €1 mmriii iy r€ defined by the formulae (74),

(75), (72), (117), (77), (78) (76) (1 18) respectively.
With the view to separate the variables in (121), let us assume that

U = IO .0..0.0)
- x lolo
w = flmklmk(r )mmn mn(gp76 9 T, O 0)

Im;lm

(122)

where lp > 1, —lp <m,n <ly and [y > 1, —lo < m, i < lo. Substituting the func-
tions (122) into the system (121) and taking into account values of the coefficients

A
ke kI ek
o €y

L
VR il iy
I ,mm';ll ,mm’ smm"sLL i

we collect together the terms with identical radial
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functions. In the result, we obtain

lolo

ckk’;l&l&’ (12— mz)(l'z —m)|a+ I)M
< C1-11-1 or
k'K

1 . . .
+ ;(Z —il +I1+ ll - 2)fful,m$k’:|m£21r:);rhﬂ((p7 €, 0» T, 0» 0)

i\/l ) 1 1 1'2 : 2) lolo 1 ami,r;iil,;l;ﬁ1ﬁ
Fo VU Am =D =) 7 e T snge 50
amloio amloio amloio i 1 g¢ )
m—1,n;mn . m—1,n;mn m—1,n;mn l(m - )COS lolo
T s T - - : Emm—l nymn
sin ¢ de a6 ot sin ¢ e
lolo
1 \/ -2 Io 1 oMm? L
_ _ _ _ ) olo m-+1,n;mn
+ NV E=ml—m = DA =) f ,]’m“k,;[-l,m,é,[sin T e
amﬁfil,n;nﬁﬂ . amfgjjr)l,n;mﬁ amﬁi{tl,n;n‘m
TS e ST, ot
sin ¢ m+1,n;mn
+ i\/ (12 = m2)(0 + )i + 1 — 1) fo0o LY
2r I=1mk'5i—1, =1,k sin ¢ dp
amloin 3mlo/0 amloin 2 i 1 ge )
+ . mn;m—1,n i mn;m—1,n + mn;m—1,n l(m - ?COS mlolu ) ]
sin 6¢ de 00 ot sin 6°¢ mnyi—1,n
lolo .

1 \/ ; : ol 1 a0 1.7 1
_ 12 —m?2 W —m=1 olo ) ) i muym+1ln .
+ 2r ( " )(l m)(l m )flfl,mk’;lan‘l«H,k’ |:sin ¢ a(p sin 6¢

d9hls dmhs 9l 2 + 1) cosb
% mn;m+1,1 i mn;m—+1,1 + mn;m—+1,7n _ im ‘ COs lolo ) )
de a0 ot sin 6¢ mn;m+1,1

. 8f1°’.°,,-, 2 ] .
+ Zcszl_l;kk [|:(1 ik 28 el M (9. €6, 7,0,0)

- or r Imk';imk’
K
! i |oggmhe i gl
— it/ (L +m)I —m + 1) flolo o m—1,nnivi m—1,nyin
/A m) = m o+ >f,qm_1,k,;,mk/[sinec o Y h—
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Il loi .
. M2 s O s 2i(m — 1) cos B¢ ool
90 ot sin 6¢ m—1,nisi

1 8931101.0 i 3mloio

m+1,n;mn m+1,n;mn

1 lol +
—riiy/ (1 +Dd - o ik
+ 2rm\/( +m 4+ 1)( m)fl,m+l,k’;1rhk/ |:sin96 dp sin 6¢ de

lol lol . ¢
i amtﬂril,n;mﬂ _ 8mt;il,n;mﬁ 2l(m + I)COSQ mlgiu
30 T sin 6 oL it

sin 6¢ A sin6¢ de

1 i 1 amlolﬁ . i amlnio )
o : . ;s olo mn;m—1,n mn;m—1,n
+ym/u+ma m+ULm%Ww{

lolo lolo
. agﬂmn;m—l,r’t 8gﬁmn;m—1,r’t

~ 2i(m —~ 1)cos9‘<*9;n,0,»0 o
00 T sin f¢ i1

1 amloio i amluio

mn;m+1,1 mn;m—+1,1

(G i D = i) o0 -
2 Imk';i,mi+1,k' Sil’léc 3(p sin éc de

lol lol L ie
L M it M it _ 2i(m + 1)cos 0 ;i
36 At sin §¢ L

lolo
+ ckk/;kk/ [\/((l +1)2— mZ)((l +1)2 - n',l2)|:(1 +1) l+14,ngk’;l+l,ri1k’
r

I+1,51+1,1
Kk

1. 7 7 lolo lolo
+ ;(zl L=l =il =D f 0 it | P (@5 €,6,7,0,0)

|: 1 amlnlo

1 . ; L
i _ _ 2 _ 2y flolo m—1,n;mn
+5, \/(l mADU=m+ 2D+ D? =i f0 e e 50

lol . c
0N i 2im — 1) cosb° i,

+ sin O¢ e 96 T sing¢ m—l,n;rh/'zi|

1 A j 1ol
o 2 2 lolo _ m+1,n;mn
* 2r \/(l Fm A DEm+2)(C + 17— )f1+1,m+1,k';1'+1.m/%’|: sin ¢ dp

m—1,n;mn m—1,n;mn

amlolo amlolu
i

lolo lolo . ¢ )
m+1,n;mn o amm+l$n;mﬁ amm+l,n;mﬂ _ 2i (I’l’l + 1) cos 6 mlol()

domllo
~ sin6° de ! 0 ot sin @< m+1,nsrin
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1 ) ) - 1 agmblo
+ 5\/ ((+ 12 = m2)(J — i+ 1) — rir + 2) f0 [ P i1

I+1,mk':i—1,m—1,k m dp
893?5%?;#:—1,:‘1 . ami?tlr?;m—l,h amf;)tli?;m—l,h 2 (m — 1) cos éc lolo
- — 1 — + . A E):)/tmn'n"t—l n
sin§¢ de a0 ot sin O¢ T
lolo
1 \/ . ) Ioi L0
1 — : ) oo _ S i1t
+ V(4 12 =m0 s+ 1)+ i+ 2)f1+l,mk’;i+l,m+1.1%’|: sinfc dg

Iolo lolo lolo L .
ag)'nirm;n'1+l,r'z o 8mmn;m+1,r’1 _ 8mnm;rh+l,r’l + 2i (m + 1) cos 6¢ lgjo
sin §¢ de - 90 97 sing° mnspi1i

c /oiu lujo
+ K IR
flm;lm mn;mn

(p,€,0,7,0,0)=0,

« lolo

KKk 2 O 1kt ke
ch—l,l;z’—u’{ (2 =mAH ~ m2)|:(1 B l)%
1%/

1 . . « lolo « lolo
- F(l —il +i+ ll + 2)f171,mk';141,m1;' mmn;mﬂ((pv €, 0» T, Oa 0)

X * lolo
1 \/ . ) « lolo 1 09,1
2 —m? i i — 1 PP S L ol 21
+ o ( m2) (1 +m)1 A+ 1 — 1) 1y itk — b
« lolo « lolo « lolo .
i am’tmn;m—lﬂ + . ammn;m—l,ﬁ ammn;m—l,r’l 2l(m — 1) Ccos 0°¢ x lolo
sin 6¢ de 00 ot sin B¢ mn;i—1,n
1 \/ 5 o K « lolo 1 893’{1010. 1
> — —m)( —m — 1 | e T i L
+ 2% ( m )(l m)(l m )fl—l.mk Jd—1,m+1,k sin ¢ 8(,0
* Iolo * lolo % lolo ]
[ OM e + M i M1 | 200 + 1) cos §€ « oo
l — » .
sin 6¢ e 00 ot sin ¢ mny+1,7

« lolo

1 2 « lolo 1 M, 1 i
_ _ — w2 . X _ m—1,n;mn
+ o \/(l +m)l+m—DU —m*) [ 1 itk |: e ap
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* loiu * loio * /in . R
i ammfl.n;n‘zrl . amm—],n;mr’t 8mm—1,n;n‘zr‘¢ 2i(m — 1)cos 6¢ = lolo
+1 + +

sin ¢ de RL ot sin ¢ Lt
i 9 % ]niO
1 \/ 2 s lolo 1 m L i
— — _ — 2 i m+1nmn
tos I—m)l—m—1( —m )fl—l,m+1,kf;z—1,mk/|:Sinéc 90 sinfe
« lolo « lolo « lolo ) . .
% 89:nm+l,n;mf1 .amm+l¢n;mﬁ 89ﬁm+l,n;ﬂ'n’1 _ 21 (m + l)COS 0 * lolo N
de 20 ot sin §¢ kL
« bolo i .
kK’ sk’ O i 2i  xlhlo x Iolo
+ ) i [[(1 - z)mm'g#“"* 00 i e | (9 €0, 7.0, 0)
Kk
i 3 * loin 9 « loiﬂ
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The each equation of the system obtained contains five generalized hyperspherical
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We apply now the recurrence relations (36)—(39), (42)—(45) to square brackets containing
the hyperspherical functions. For example, in virtue of (37) the second bracket in (123)
can be written as
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Further, in virtue of (36) for the third bracket we have
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and so on. In doing so, we replace all the square brackets in the system (123) lv[_ia the

H 0Lo
relations of the type (124) and (125) and cancel all the equations by Smifll,?;mﬁ (S);Imn;m).
In the result, we see that the relativistically invariant system is reduced to a system of
ordinary differential equations,

lolo

. Jf o
LR .2 ki1l
DILAEY [(1 + i (2= m2)( — 2Lk Lk

- dr
K

1 it ii — 22— m2Yi — 2 fll
+;(l_ll+l+ll_21) (l - )(l -n )fl()—li,n1k’;i—1,ml%’



802 Varlamov

1 . i
+ ;\/(l +m)l+m— 1)(12 _ mZ)\/(lo +m)(lp —m + l)fj[f(;,mfl.k’;['fl,ml%’

1 -2 . lolo
# 50 ma - m - 0@ eyl DG =

1 . . . . i
+ ;\/(12 —m2)([ + m)(l + it — 1)\/(10 + m)(lo — 1 + 1)ff‘f(;,mk,;l-71,mfl_,&,

1 . . . . ;
+ ;\/ (12 =m0 — 1 — 1t — D o+ i+ Dy — m)fj“_’}mk,;,-_lyn.lﬂq,.{}

lolo 2
k! N Imk'3imk Lol
+ KRR (1 4y — LK Zm fllo
111 dr r Imk’;lmk’
Kk

l .
=i m)T = m + Dy/o +m)lg = m + DA™ i

1 .
+=ri /A +m + DA —m) o +m+ Dllo —m)f00
r sm+1,k"lm

—%m\/(i + i)l — i + 1)\/(1'0 +rin)(lo — i + 1) foF

Imk';li—1,k'
—i—lm\/ (+m+ 1) — m)\/(i + i+ 1)l — i) fl00
r 0 0 Imk’l,m+1,k'
lolo
kK5 . ; . I+1,mk;I+1,mk’
+ C1+1,l;1’+1,i |:(1 * l)\/((l TR mA D= mz)T

Kk

1 . j /
o 2 _ 2 2 2y gloi
il =1 =i il 2>\/<(z+1) MmO+ D2 = i) f i

lolo
I+1,m—1,k" 51—k’

1 .
—;\/a —m 4+ D= m+2)(( + 12 — i) o +m)lo —m + D f

lolo

1 .
—;\/ U m 4+ D+ m+ 2+ D2 = i)/ +m+ Do —myf

—%\/((l 102 — w2 — i+ 1) — i+ 2 o + i) — i) £

14+1,mk";i—1,i—1,k'

I+1,mk’ i+, m+ 1,k

—%\/((1 + 12— m?)([ 4+ 1) + i+ 2)\/(1‘0 + it + 1)(lg — i) fo0 }

+ K fR ) =0,



General Solutions of Relativistic Wave Equations II: Arbitrary Spin Chains 803

KK [ D dfllo
chfl,l;l?l,l' |:(1 —iW @2 —md)( - mZ)M

- dr*
K

% lolo

1 : 7 ‘7 ; 2 2 2 2
+F(l —il +1+il+ 21) (l —m )(l —m )fl—l,lnk’;i—l,lﬂk’

% /oiu

+rj\/(12 —m2) (I +m)(I +m — 1)\/(10 +m)lo —m+ D f 1 1 i1

« lolo

1 K R K K
+7*\/ P2 — m2)i — )i — it — DG+ 1+ Do — 1) fy g i tms i

« lolo

1 .
+rj\/(l +m)(l +m— 1)(12 —m2)/o +m)(lo —m + D1t et ksi—t ik

1 ) *loZn
+r7\/(l —m)( —m — D" — i)/ o+m+ Do = m) f1_ i pri— ik

d glolo

Kk i wh
* . Lk Imk k! . .
+ E Cuisij |:(1 — D)mii dr + meflmk’;lrhk’
kK

% lolo

1 . . . .
—r—*m\/(l +m)(l — i+ 1)\/(10 +m)lo — 1) f s i1

% lolo

+7*’“\/ G+ 1+ 1) — 1w o + 1t + Do — 1) Frm s &

« lolo

1
—rf*mJ(z +m)l —m+ Dy/Ao+m)o—m+ D f |y priiic

1 « lolo
+—in/ U m £ DU = m)y o +m + Dl m)f,,mﬂ,k/;l-mk}

. d glolo
#kKIK . - oy * Lk Lk
Yoo .-1—\/112—2 1)2 — jip2) S LKLk
+k, - I+1LLi+10 |:( DY U+ D7 =m*)(U + D7 — i) dr

« lolo

1 . . .
Gl =l =l =il =2+ 21')\/((1 + D2 =m) (U + 12 =) f 1 s ke

% loio

1 . . . .
+7*\/((1 + 12 =m®)( —m + D —m + 2)\/(10 +rm)lo =+ D f it it m—1 i

* llJi()

1 R R R .
_F\/((l + 12 —m2)(I 4 rie + 1) 411z + 2)\/(10 +ri+ D)o — 1) f 1t it i1 o



804 Varlamov
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Substituting solutions of this system into the series (82) and (83), we obtain a solution
of the boundary value problem.

REFERENCES

Arnold, V. 1. (1989). Mathematical Methods of Classical Mechanics (Nauka, Moscow) [in Russian].

Bacry, H. and Kihlberg, A. (1969). Wavefunctions on homogeneous spaces. Journal of Mathematical
Physics 10, 2132-2141.

Bacry, H. and Nuyts, J. (1967). Mass-spin relation in a Lagrangian model. Physical Review 157,
1471-1472.

Bagrov, V. G. and Gitman, D. M. (1989). Exact Solutions of Relativistic Wave Equations, Academic
Publishers, Dortrecht-Boston-London.

Bargmann, V. and Wigner, E. P. (1948). Group theoretical discussion of relativistic wave equations.
Proceedings of the National Academy of Sciences of the USA 34, 211-223.

Beers, B. L. and Dragt, A. J. (1970). New theorems about spherical harmonic expansions and SU(2).
Journal of Mathematical Physics 11, 2313-2328.

Bialynicki-Birula, I. ( 1996). Photon wave function. Progress in Optics Vol. XXXVI, Ed. E. Wolf
(Elsevier, Amsterdam).

Biedenharn, L. C., Braden, H. W., Truini, P., and van Dam, H. (1988). Relativistic wavefunctions on
spinor spaces. Journal of Physics A: Mathematical and General 21, 3593-3610.

Bhabha, H. J. (1945). Relativistic wave equations for the elementary particles. Review of Modern
Physics 17, 200-216.

de Broglie, L. (1943). Theorie de particules a spin (methode de fusion), Gauthier-Villars, Paris.

Courant, R. and Hilbert, D. (1931). Methoden der mathematischen Physik, Springer, Berlin.

Finkelstein, D. (1955). Internal structure of spinning particles. Physical Review 100, 924-931.

Gel’fand, I. M. and Yaglom, A. M. (1948). General relativistic—invariant equations and infinite—
dimensional representations of the Lorentz group. Zhurnal Experimental’ noi i Teoreticheskoi
Fiziki 18, 703-733.

Gel’fand, I. M., Minlos, R. A., and Ya Shapiro, Z. (1963). Representations of the Rotation and Lorentz
Groups and their Applications (Pergamon Press, Oxford).

Ginzburg, V. L. and Tamm, I. E. (1947). On the theory of spin. Zhurnal Experimental noi i
Teoreticheskoi Fiziki 17,227-237.

Gitman, D. M. and Shelepin, A. L. (2001). Fields on the Poincaré group: Arbitrary spin description
and relativistic wave equations. International Journal of Theoretical Physics 40(3), 603—-684.

Huszar, M. (1970). Angular Momentum and Unitary Spinor Bases of the Lorentz Group, Preprint
JINR No. E2-5429, Dubna.

Huszar, M. and Smorodinsky, J. (1970). Representations of the Lorentz Group on the Two-Dimensional
Complex Sphere and Two-Particle States, Preprint JINR No. E2-5020, Dubna.

Joos, H. (1962). Zur darstellungstheorie der inhomogenen Lorentzgrouppe als grundlage quanten-
mechanische kinematick. Fortschritt fur Physik 10, 65.



General Solutions of Relativistic Wave Equations II: Arbitrary Spin Chains 805

Kagan, V. F. (1926). Ueber einige Zahlensysteme, zu denen die Lorentztransformation fiirt, Publ.
House of Institute of Mathematics, Moscow.

Kihlberg, A. (1968). Internal co-ordinates and explicit representations of the Poincaré group. Nuovo
Cimento A 53, 592-609.

Kihlberg, A. (1970). Fields on a homogeneous space of the Poincaré group. Ann. Inst. Henri Poincaré
13, 57-76.

Lurcat, F. (1964). Quantum field theory and the dynamical role of spin. Physics 1, 95.

Naimark, M. A. (1964). Linear Representations of the Lorentz Group, Pergamon, London.

Nilsson, J. and Beskow, A. (1967). The concept of wave function and irreducible representations of
the Poincaré group. Arkiv for Fysik 34, 307-324.

Petrov, A. Z. (1969). Einstein Spaces, Pergamon Press, Oxford.

Rarita, W. and Schwinger, J. (1941). On a theory of particles with half-integral spin. Physical Review
60, 61.

Yu Rumer, B. and Fet, A. 1. (1977). Group Theory and Quantized Fields, Moscow [in Russian].

Ryder, L. (1985). Quantum Field Theory, Cambridge University Press, Cambridge.

Yu Shirokov, M. (1951). Relativistskaia teoria spina. Zhurnal Experimental noi i Teoreticheskoi Fiziki
21, 748-760.

Silberstein, L. (1907). Elektromagnetische Grundgleichungen in bivectorieller Behandlung. Annals of
Physics 22, 579.

Ya Smorodinsky, A. and Huszar, M. (1970). Representations of the Lorentz group and the generalization
of helicity states. Teor. Mat. Fiz. 4(3), 328-340.

Toller, M. (1996). Free quantum fields on the Poincaré group. Journal of Mathematical Physics 37,
2694-2730.

Varlamov, V. V. (2003). General solutions of relativistic wave equations. International Journal of
Theoretical Physics 42(3), 583—633.

Varlamov, V. V. (2004). Relativistic wavefunctions on the Poincaré group. Journal of Physics A:
Mathematical and General 37, 5467-5476.

Varlamov, V. V. (2005). Maxwell field on the Poincaré group. International Journal of Modern
Physics A 20, 4095-4112.

Vasiliev, M. A. (1996). Higher-spin gauge theories in four, three and two dimensions. International
Journal of Modern Physics D 5, 763-797.

Weber, H. (1901). Die partiellen Differential-Gleichungen der mathematischen Physik nach Riemann’s
Vorlesungen (Friedrich Vieweg und Sohn, Braunschweig).

Weinberg, S. (1964). Feinman rules for any spin I & II & III. Physical Review 133B, 1318-1332;
134B, 882-896; 181B, 1893-1899 (1969).

Yukawa, H. (1950). Quantum theory of nonlocal fields. I. Free fields. Physical Review 77, 219-226.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


